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A B STR A C T

R oberson, B rian  A. Ph .D ., P u rd u e  University, A ugust, 2005. T he Colonel B lotto  
G am e w ith  A pplications to  th e  Economic, M ilitary and Political Sciences. M ajor 
Professors: D an Kovenock and  Jam es C. Moore.

In th e  Colonel B lotto  game, two players sim ultaneously d is trib u te  forces across n  

battlefields. W ith in  each battlefield, th e  player th a t  allocates m ore force wins. T he 

payoff of th e  gam e is th e  proportion  of th e  wins on the  individual battlefields. An 

equilibrium  of the  Colonel B lo tto  gam e consists of a pair of n -variate  d istributions. 

C hap ter 1 dem onstrates how to  separate  the  players’ best response correspondences 

into a set of un ivaria te m arginal d istribu tions and a  m apping of th is  set into an 

n -variate  d istribu tion ; fully characterizes th e  equilibrium  univaria te  m arginal d istri­

butions for th is  class of games; and constructs corresponding equilibrium  n-variate  

d istributions.

C hap ter 2 com pares centralized to  decentralized electoral com petition  in a m odel 

of red istribu tive politics w ith  local public goods. In th is setting , th e  level of inequality  

arising from each p a r ty ’s equilibrium  red istribu tion  schedule is higher in a  centralized 

system . In  addition, if th e  u tilities provided by th e  local public goods are above a 

m inim al threshold, th en  cen tralization  is also found to  create g reater inefficiencies 

in th e  provision of th e  local public goods. However, th e  inefficiency of centralization  

is due to  the  ta rg e tab ility  of local public goods and  the ability  to  share resources 

across jurisd ictions not to  in terjurisdictional externalities or heterogeneities in the  

production  of or preferences for local public goods.

C hap ter 3 examines electoral com petition  in a m odel of red istribu tive politics 

w ith  heterogeneous voter loyalties to  political parties. We construc t a n a tu ra l m ea­

sure of “p arty  s tren g th ” based on th e  sizes and  intensities of a p a r ty ’s loyal voter 

segm ents and  dem onstrate  how p arty  behavior varies w ith  the  two p a rtie s’ strengths.
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In  equilibrium , parties ta rg e t or “poach” a stric t subset of th e  opposition p a r ty ’s 

loyal voters: offering those voters a high expected transfer, while “freezing o u t” the  

rem ainder w ith  a  zero transfer. T he size of the  subset of opposition voters frozen 

ou t and, consequently, the  level of inequality  in a p a r ty ’s equilibrium  red istribu tion  

schedule is increasing in the  opposition p a r ty ’s streng th . We also construct a m easure 

of “political po larization” th a t  is increasing in the  sum  and sym m etry  of the  p a rtie s’ 

streng ths, and  find th a t  the  inequality of th e  im plem ented policy is increasing in 

political polarization.
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1. The Colonel Blotto Game

T he Colonel B lo tto  game, which originates w ith  Borel (1921), is a constan t-sum  game 

involving two players, A  and B,  and n  independent battlefields. A  has X A un its of 

force to  d is trib u te  am ong the  battlefields, and B  has X g  units. Each player m ust 

d is trib u te  their forces w ithout knowing th e  opponen t’s d istribu tion . If A  sends x kA 

units and  B  sends x kB un its to  th e  kth  battlefield , th e  player who provides th e  higher 

level of force wins battlefield  k. T he payoff for th e  whole gam e is th e  p roportion  of 

th e  wins on th e  individual battlefields. T he first solution of th is gam e appears in 

Borel and  Ville (1938) who solve the  problem  for the  case of n =  3 and  X A = X B. 

Gross and  W agner (1950) extend th is solution to  allow for any finite n  >  3, bu t still 

require th a t  X A — X b -

T his paper extends the  lite ra tu re  on the  Colonel B lotto  gam e by com pletely char­

acterizing th e  equilibrium  univariate m arginal d istributions. Since th e  appearance 

of the  solution to  the  sym m etric case, it has been an open question w hether uni­

form univariate m arginal d istribu tions are a  necessary condition for equilibrium .1 We 

show th a t  th e  answer to  th is  question is yes. To characterize the  equilibrium  univari­

a te  m arginal d istribu tions, we utilize n-copulas, the  functions th a t m ap univariate 

m arginal d istribu tions into jo in t d istributions, to  separate  the  p layers’ best response 

correspondences into a set of un ivariate m arginal d istribu tions and a  m apping of th is 

set into an  n -variate  d is trib u tio n .2 T he characterization  of th e  equilibrium  univari­

a te  m arginal d istribu tions presented here also allows us to  ex tend the  Colonel B lotto  

gam e by allowing th e  players to  have asym m etric forces.

T he Colonel B lo tto  gam e is a fundam ental m odel of strateg ic  resource allocation

in m ultiple dimensions. S trategic resource allocation in a single dim ension, such

1See for example Gross and Wagner (1950) and Laslier and Picard (2002) who discuss this issue.
2See Nelsen (1999) for an introduction to copulas.
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as th e  all-pay auction, has been widely used in economics to  m odel contests such 

as political cam paigns, political lobbying, research and developm ent races, litigation  

and  a num ber of o ther applications. M ost if not all of these applications have m ultiple 

dim ension analogs. In  addition, the  Colonel B lo tto  game has recently been used 

to  analyze electoral com petition  over red istribu tion  of a  fixed budget (Laslier and 

P icard  (2002), Laslier (2002)). In the m odel of red istributive politics candidates 

sim ultaneously announce how they  will allocate a  budget, if elected, by m aking 

binding prom ises to  each voter. Each voter votes for th e  cand idate  offering the  higher 

level of utility, and  each cand ida te’s payoff is th e  vote share th a t  they  receive. T he 

Colonel B lo tto  gam e w ith  asym m etric forces, exam ined in th is paper, corresponds 

directly  to  a m odel of redistribu tive politics in which one cand idate  has a  valence 

advantage.

Section 2 presents the  model. Section 3 com pletely characterizes the equilibrium  

univaria te  m arginal d istribu tions of the  Colonel B lotto  game. Section 4 dem onstrates 

the  existence of n-copulas w ith  the  necessary properties. Section 5 concludes.

1.1 The M odel 

Players

Two players, A  and  J9, sim ultaneously allocate th e ir forces, X a and  X b respectively,

across a  finite num ber, n  >  3, of hom ogeneous battlefields .3 Each battlefield  j  has a

payoff of Each p layer’s payoff is th e  sum  of th e  payoffs across all of the  battlefields

or, equivalently, th e  p roportion  of th e  battlefields to  which the  player sends a higher

level of force. Let X a < X B. In th e  case th a t the  players allocate th e  sam e level of

3The case of n =  2, with symmetric and asymmetric forces, is discussed by Gross and Wagner 
(1950). Moving from n =  2 to n >  3 greatly enlarges the space of feasible n-variate distribution 
functions, and the equilibrium strategies examined in this paper differ dramatically from the case 
of n =  2.
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force to  a battlefield , player B  wins th a t ba ttlefie ld .4 The force allocated  to  each 

battlefield  m ust be  nonnegative. For player i, th e  set of feasible allocations of force 

across th e  n  battlefields is denoted by

*84= j x e R " | ^ y  < A,
{  j = 1

Strategies

It is well known th a t  for ~ X S < X A < X B there  is no pure s tra teg y  equilibrium  for 

th is class of gam es .5 A m ixed strategy, which we term  a  distribution of  force, for 

player i is an  n -variate  d istribu tion  function Pi : R " —> [0,1] w ith  support contained 

in  th e  set of player Vs feasible allocations of force, and  w ith  one-dim ensional 

m arginal d istribu tion  functions {F1/ } ^ ^  ny  one un ivariate m arginal d istribu tion  

function for each battlefield  j .  T he n-tup le of player i ’s allocation of force across the 

n  battlefields is a  random  n-tup le draw n from  th e  n-variate  d istribu tion  function Pi 

w ith  the  set of univaria te  m arginal d istribu tion  functions {F1/ }  .=1.

The Colonel B lotto  game

The Colonel Blotto game,  which we label

C B { X A, X B, n ) ,

is the  one-shot gam e in which players com pete by sim ultaneously announcing d istri­

bu tions of force, subject to  their budget constrain ts, each battlefield  is won by the  

player th a t  provides th e  higher allocation of force on th a t  battlefield , where player 

B  wins th e  battlefield  in th e  case th a t  b o th  players allocate the  sam e level of force 

to  th a t  battlefield , and players’ payoffs equal the  proportion  of b a ttle s  won.

4The specification of the tie-breaking rule does not affect the results as long as ^ X b  <  X A. In the 
case that %XB > X A, this specification of the tie-breaking rule ensures weak lower semicontinuity 
of the players’ best response correspondences and hence an equilibrium (see Dasgupta and Maskin 
(1986)).
5 In the case that ^ X B >  X A, there, trivially, exists a pure strategy equilibrium, and player B  wins 
all of the battlefields.
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1.2 Optim al Univariate M arginal D istributions

To com pletely characterize th e  equilibrium  univariate m arginal d istribu tion  func­

tions, we utilize n-copulas, the  functions th a t  m ap univariate m arginal d istribu tion  

functions into jo in t d istribu tion  functions.

D e f in it io n :  Let I  denote the  un it interval [0,1]. An n-copula is a func­

tion  C  from I n to  I  such th a t

1. For all x  E / " ,  C  (x) =  0 if a t least one coordinate of x  is 0, and if

all coordinates of x  are 1 except Xk, th en  C  (x) =  Xk-

2. For every x , y  € I n such th a t Xk < Vk for all k €  { 1 , . . .  ,n } , the

C -volum e of the  n-box [aq, y\] x . . .  x  [xn ,y n],

Vb ([x, y]) =  A £ A * ;-  . . .  A » A» C  (t)

where
A f kC  (t) =  C ( h , . . . ,  t k- l ,  Vk,  t k+l ,  ■■■, t n)

U  ( t l )  ■ ■ ■ ) t / c - l )  2 - f e )  t f c + 1 )  ■ '  • 5 t n )  

is g reater th a n  or equal to  0 .

G iven th e  definition of an  n-copula, we can s ta te  the  crucial p roperty  of n-copulas 

th a t  we will use.

T h e o r e m  1 [S k la r’s T h e o r e m  in  n -d im e n s io n s ] :  Let H  be an  n-

varia te  d istribu tion  function w ith  univaria te m arginal d istribu tion  func­

tions Fi , F2, . . .  , Fn. T hen  there  exists an  n-copula C  such th a t  for all 

x  G Rn,

H  { x i , x n) =  C {Fi (x i) , . . . , F n (xn)) (1.1)

Conversely, if C is an  n-copula and Fi , F 2, . . . ,  Fn are un ivaria te d istri­

bu tion  functions, th en  the  function H  defined by equation  1 is an  n- 

varia te  d istribu tion  function w ith  un ivaria te m arginal d istribu tion  func­

tions F i , F2, . . . ,  Fn.
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T he proof of th e  two-dim ensional version of Sklar’s theorem  is due to  Sklar (1959). 

For a  proof of the  n-dim ensional version see Schweizer and Sklar (1983).

O ne additional definition th a t  will be used th roughou t th e  paper is the  support 

of an  n-variate  d istribution .

Definition: T he support of  an n-variate distribution function, H,  is the 

com plem ent of th e  union of all open sets of Mn w ith  H -volum e zero.

We now show th a t  the  univariate m arginal d istribu tion  functions and the n-copula 

are separate  com ponents of the  players’ best response correspondences.

Proposition 1: Let i X b  <  X a  < Xb-  In C B  {Xa,  X b ,  n}  each 

p layer’s best response correspondence can be separated  into the  uni­

varia te  m arginal d istribu tion  functions and n-copula com ponents. In 

particu lar, for a given P- t the  Lagrangian of each p layer’s op tim ization 

problem 6 can be w ritten  as

6This Lagrangian is for the case that for all battlefields both players’ univariate marginal distri­
butions do not place an atom on the same value. Clearly, in any optimal strategy this holds. 
However, it is straightforward to incorporate the tie-breaking rule into the Lagrangian of each 
player’s optimization problem.

m ax

where the  set of un ivaria te m arginal d istribu tion  functions { F /  }"=1 sa t­

isfy th e  constra in t th a t  there exists an  n-copula, C,  such th a t th e  sup­

p o rt of th e  n-variate  d istribu tion  C (Ff  (x1) , . . . ,  F ” (x n)) is contained in

Proof: In the  gam e C B  {Xa,  Xb ,  n}, for a given P_, each player m axi­

mizes th e  sum  of th e  expected payoffs across th e  individual battlefields

m ax
Pt
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subject to  the  constrain t th a t  the  support of the d is trib u tio n  of force 

Pi is contained in 53, or equivalently th e  P,-volum e over th e  region 

j x  G R" | E "= i x j  >  is 0-

Since £ X b <  X a <  X b , in any optim al s tra tegy  each player will allocate 

all of their forces w ith  probability  1 ,

P r Pi J 2 Xi = X i
U = 1

=  1 .

Let Gi  denote the  d istribu tion  function of X q= i x l an d note th a t Gi (z ) is 

th e  Pj-volume over the  region | x  G R " | X q= i xJ — Since each player 

allocates all of their forces w ith  probability  1 , it follows th a t

^  (z) -
0 i f  z <  Xi

1 i f z > X i

Equivalently, the  P -vo lum e over the  region j x  G R " | J2j=ix  ̂ < i*s

0. Since th e  Pj-volume over

{ x  G R ; | J V  < Xi  1 | J  I x  G R ” | >  X , 1
i =i j =i

is 0, the  support of Pi is contained in | x  G R ” | X q=i xj  =  ^»}-

In  addition  since each player allocates all of their forces w ith  certainty, 

it follows directly  th a t  all of their forces are allocated in expectation , 

i.e. Ept — Xi.  Let {F / } " =1 be the  set of un ivaria te  m arginal

d istribu tion  functions of Pi. Finally, no ting th a t

E r> =
\ j = i /  j = i

and th a t from Theorem  1 the  n -variate  d istribu tion  function Pi is equiv­

alent to  th e  set of univaria te  m arginal d istribu tion  functions { P / } " =1 

com bined w ith  an appropriate  n-copula, C , the  result follows directly. 

Q .E.D .
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N ote th a t  from Theorem  1 an n -variate  d istribu tion  function is equivalent to  a  set 

of univaria te  m arginal d istribu tion  functions, and an n-copula, C.  This

in com bination w ith  th e  payoff function of th is class of games allows us to  separate  

the  players’ best response correspondences into the  set of un ivariate m arginal dis­

trib u tio n  functions and  n-copula com ponents. Moreover, con trary  to  the  concerns 

s ta ted  by Gross and  W agner (1950), the  existence of equilibrium  n -variate  d istribu ­

tion  functions w ithout a connected support is not problem atic. Connectedness of 

th e  su pport is a p roperty  th a t  arises from the  n-copula. P roposition  1 m akes no 

requirem ent on th e  connectedness of the  resulting  n-variate  d istribu tion  function .7 

In particu lar, th e  only requirem ent on th e  set of feasible n-copulas is th a t  given a set 

of equilibrium  univariate m arginal d istribu tion  functions, the  com bination

of the  n-copula and th e  set of equilibrium  univariate m arginal d istribu tion  functions 

m ust allocate all of th e  p layer’s forces w ith  probability  1 .

We begin by com pletely characterizing the set of equilibrium  univaria te  m arginal 

d istribu tion  functions for ^  <  1 and th en  move on to  constructing  sufficient

n-copulas. T heorem  2 examines th e  case of ^ ^  <  1 and  Theorem  3 examines

the  case of -T - <  ^  <  - , 8 For th e  case th a t  -  <  4 -1 <  it is conjecturedn —1 — A b  n  n  — A # n — 1 ’ J

th a t  the  characterization  of the  equilibrium  univariate m arginal d istribu tions given 

in T heorem  3 applies. T he crucial issue for th is  param eter range is the  existence of 

sufficient n-copulas, which is yet to  be estab lished .9

Theorem  2: Let Xa,  Xb ,  and n  >  3 satisfy ^ ^  <  1. T he unique

N ash equilibrium  univariate m arginal d istribu tion  functions of th e  game

7In fact, for -  <  <  1 the ?i-variate distributions that are examined in Section 4 have dis-
’ n  —  A  b  —

connected supports. However, there are also sufficient n-variate distributions that have connected 
supports.
8The case that >  X a is trivial.
9For X <  y X  <  and given the univariate marginal distributions in Theorem 3, the construction
of sufficient n-copulas that is given in Section 4 provides a sufficient n-copula for player A but not 
for player B.
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C B  { X a , X b , n}  are for each player to  allocate its forces according to  the 

following univariate d istribu tion  functions. For player A

V j  €  { 1 , . . . ,  n} F ja (x) =  ( l  ~  | f )  +  ( | f  )  x €  [0,

Sim ilarly for player B

V j  G { 1 , . . . ,  n} F i ( x )  =  T %  x e  [ 0 , f V s j
n  &

T he expected payoff for player A  is and  th e  expected payoff for player 

B  is 1 -  £& •

T he form al proof of Theorem  2 is given in the  appendix. However, it is useful 

to  provide some in tu ition  for the  uniqueness of the  univariate m arginal d istribu tion  

functions.

Beginning w ith  th e  characterization  of n  independent and  identical sim ultaneous 

tw o-bidder all-pay auctions w ith  com plete inform ation, let F- represent b idder Vs 

d istribu tion  of bids for auction  j , and vf represent th e  value of auction  j  for bidder 

i. Each bidder i 's problem  is
n j*oO

rm f £  £  /  ^  ~  X] dFi ■
j = 1  Jo

Since each auction  is independent, we can apply  the  equilibrium  characterization  of 

the  single all-pay auction  w ith  com plete inform ation (see H illm an and  Riley (1989) 

and  Baye, Kovenock, and de Vries (1996)). Thus, there exists a unique equilibrium  

d istribu tion  function F- for each auction  j . For each auction j  and  bidder i we have 

th e  following th ree cases

I f  v\ >  vf .  Ff  (x) =  f -  x  €  [0, vii]

I f  v\  =  v F  F?(x)  = % x  €  [0, v{]

I f  vl < v F  Ff  (x) =  + f - t x  e  [°>vi\ ■

Now consider a Colonel B lotto  gam e C B  { X A, X g ,  n}.  From  E quation  2 in P ropo­

sition  1, each player’s L agrangian can be w ritten  as

111 r re
m ax A, /

{x) ~ x dF.f +  A jXi
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subject to  th e  constra in t th a t  there exists an  n-copula, C,  th a t  resu lts in an  n-variate  

d istribu tion  C  (F /  (x1) , . . . ,  F - 1 (xn)) w ith  support contained in 

j x  €  R " | xj  =  A , j . A ssum ing th a t  a  sufficient n-copula exists, the  appendix  

establishes a one-to-one correspondence between th e  set of equilibrium  univariate 

m arginal d istribu tion  functions and  the  equilibrium  d istribu tion  functions of bids 

from a  unique set of n  independent and identical sim ultaneous tw o-bidder all-pay 

auctions. Section 4, then , establishes th e  existence of sufficient n-copulas.

T he following Theorem  addresses th e  rem aining case of ^  <  Aa <  A

Theorem  3: Let X a , X b , and n > 3 satisfy ^  <  y A  <  T he unique 

N ash equilibrium  univariate m arginal d istribu tion  functions of the  game 

C B  { X a , X b , n )  are for each player to  allocate its forces according to  the  

following univariate d istribu tion  functions. For player A

Sim ilarly for player B

2x{X{Ax ; P x e [ 0 , X A]

1 x  >  X a

T he expected payoff for player A  is |  and the  expected payoff for

player B  is 1 -  f

T he form al proof of Theorem  3 is sim ilar to  th e  proof contained in th e  appendix  

for T heorem  2, and is thus om itted.

1.3 Existence o f Sufficient n-copulas

Subject to  th e  constra in t th a t  there  exist sufficient n-copulas, Theorem s 2 and  3 

characterize th e  unique sets of equilibrium  univariate m arginal d istribu tion  functions 

for -  <  <  1 and -T - <  An <  respectively. T here is no known existencen  — X b  — n - 1  — X b  n 5 ^  J

result for an  n-copula, C,  w ith  the  necessary p roperty  th a t, given a  set of un ivariate

V j 6 { l , . . . , n }  F 3b (x ) =
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m arginal d istribu tion  functions { F /} " =1. the  su pport of th e  n -varia te  d istribu tion  

C  (F l  (ad) (x n)) is contained in | x  e  M" | X )"=1 xj  = Z q = 1 e f{ (x ) (=  ^ t ) } -

However from Theorem  1, it is sufficient to  show th a t  for each player there exists 

an  n-dim ensional d istribu tion  function th a t  allocates all of th a t  p layer’s forces w ith  

probability  1 and  th a t  provides the  unique sets of equilibrium  un ivaria te  m arginal 

d istribu tion  functions characterized in Theorem s 2 and 3.

T h e o r e m  4: For each unique set of equilibrium  univariate m arginal dis­

trib u tio n  functions, {F1/ } " ^ ,  characterized in Theorem s 2 and  3, there 

exists an  n-copula, C,  such th a t the  support of the n -variate  d istribu tion  

function C  (F1/  (x1) , . . . ,  F-% (xn)) is contained in 

{x £ K+| E"=i x j  =  E"=i E f = (x) (= Xi)}'

T he rest of th is  section is devoted to  a proof of th is theorem . T here are m ultiple n- 

varia te  d istribu tion  functions (and thus m ultiple n-copulas) th a t  satisfy the  necessary 

conditions. In the  discussion th a t  follows, we will focus on a  new and  novel way to  

construct sufficient n-variate  d istribu tion  functions for th is  class of games. Recall 

th a t  th e  ceiling function |\t] gives the  sm allest integer g reater th an  or equal to  x, 

and th a t  th e  floor function |_xj gives the  largest integer less th an  or equal to  x. We 

begin w ith  th e  case th a t  ^ <  1 as in Theorem  2. T his proof is for player A,

T he proof for player B  follows directly  as the  special case of player A  where yA = 1 . 

T he construction  of the  n-variate  d istribu tion  function is outlined as follows.

1. Player A  random ly selects n  - 

to  those battlefields.

n X A
XB of th e  battlefields and provides zero forces

2. If r n X A 1 n X A
X B . X B .

=  1 , then:

(a) Player A  random ly selects

(b) O n th e  random ly selected

nXA
Xb

uXaXb

of the  rem aining nXA
X B

battlefields.

battlefields, player A  random izes con­

tinuously on [0 , %Xb ] on each of these battlefields such th a t, le ttin g  z  be
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the  sum  of player ^4’s allocations of force on these 

G (z ) be the  d istribu tion  of z,

G( z )  = '

V*A
X B battlefields and

i x B z e  [.x A - i x B, x A)

1 z  > X a

(c) Defining th e  allocation of force on th e  rem aining battlefield  as X a — z , it 

follows directly  th a t the univariate d istribu tion  of force on the  rem aining

battlefield  places mass '±Xa.
Xb

uXa
Xb a t 0 and random izes continuously

on [0, ^ X b \ w ith  the  rem aining mass. In addition  for all realizations, 

x  G R " , of th is  s tra tegy  & = X a w ith  probability  1 .

(d) T here are ( ' 1  ̂ *'B ^ ways of dividing n  battlefields into disjoint

j  -subsets, uXa
x b

-subsets, and 1-subsets. C onstructing  an  n-

varia te  d istribu tion  as described above on each of the
' n X A 

X B

nXA
X B j-su b se ts ,

3. If

possible divisions of the  n  battlefields into disjoint (n

-subsets, and 1-subsets and  weighting each of these n -variate  dis­

trib u tio n  functions by j ^  *B ^  n ' varia t e d istribu tion

function formed by tak ing  th e  sum  of these weighted n -variate  d istribu tion  

functions has univariate m arginal d istribu tion  functions which each have 

a m ass po int of ^1 — ^  j  a t 0 and random ize continuously on [0 , ^ X b \ •

=  0 , then:n X A n X A
X B .  X b  _

(a) On the rem aining battlefields, player A  random izes continuously on 

[o. i * s ]  on each of these battlefields such th a t,  le tting  z  be the  sum  

of player A ’s allocations of force on these battlefields and G (z) be the 

d istribu tion  of z,

0 ^ <  X a

1 z >  X a

Thus, for all realizations, x  € R " , of th is s tra teg y  ~  x a w ith

probability  1 .

G(z)
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(b) T here are ( n” -4 I ways of dividing th e  n battlefields into disjoint
\ x B J

( n  — -subsets and 2̂ - s u b s e t s .  C onstructing  an  n -variate  d istri­

bu tion  as described above on each of the  I " x ) possible divisions of
\  * B /

th e  n  battlefields into disjoint -subsets and ^ ^ --su b se ts  and
-l

n X  a  

XB
iese

weighting each of these n-variate  d istribu tion  functions by 

the  n-variate  d istribu tion  function formed by tak ing  th e  sum  of t 

weighted n -variate  d istribu tion  functions has univaria te  m arginal d istri­

b u tion  functions which each have a m ass point of ^1 — a t 0 and 

random ize continuously on [0 , j}X .

T he pivotal steps in th is  construction  are points 2 (b )  and 3(a) ,  and we will now 

show th a t  there  exist such m ultivariate d istribu tion  functions. Beginning w ith  the  

case th a t  ^ ^  <  | ,  from points 2 and 3 player A  allocates force to  a t least

two and  no t m ore th a n  th ree  battlefields, which we label battlefields 1, 2, and  3. 

Let Xi denote th e  allocation of force to  battlefield  i €  {1 ,2 ,3} , z = x 2  + X3 , and 

xi  — X a  — z. Consider the  support of a b ivariate d istribu tion , F,  for x 2 , x 3  which 

uniform ly places m ass ^ ---- 1 on each of th e  two following line segm ents
n  B

1- ( i X B, X A - * X B) to  ( X A - 2- X B, 0)

2 . ( x A - t X „ , 2 X B) to  (0 .X *

and uniform ly places the  rem aining mass, 3 — on th e  line segm ent

(%XB, X A -  \ X B) to  (X A -  l X B, l X B). This support is shown in F igure 1.
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X2

Xi

Figure 1: Support of th e  B ivariate D istribu tion  F

In th e  expression for th is bivariate d istribu tion  function we will use th e  following 

notation .

•  R l: { (£ 2 , £ 3 ) 6  [0> f  X b ] |x2 +  X3 > X ^ |

.  R2: { ( s 2,* 3) e  [0, l X B] 2 |x2 >  -  l X B}

.  R3: {(Z 2, z 3) e  [ 0 , l X B] 2 \x3 > l g ^ x 2  + X A - 2 -X B}

.  R4: { ( x 2 , x 3) € [ 0 , f X B ] 2  \x2 , x 3  < X A - f X B }

•  R5: |(^ 2 ,^ 3) €  [0, % X B ] 2 j (x2) x s )  £  R l U R2 U R3 U R4 j

T he bivaria te  d istribu tion  function for X2 , X3 is given by

0 (x’2 ,a ,’3) G R4

F ( x  2 , x 3)

i 2+i3-2Xx + h ,ffl 
-2 “■ (I 2 , x3) € R 5

\ x B

.[X s 
X2+®3 1
~Tx J

(o,’2, X3 ) G R2 

(^2 , ^ 3) e  R3 

(x2, x 3) G R l
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T he univaria te  m arginal d istribu tions are given by F  (x2, \ X B) — y £ -  and
n  &

F  ( ^ X b , x 3) =  T hus F  provides th e  necessary un ivariate m arginal distribu-
nu **

tions for battlefields 2 and  3.

If |  th en  player A  random izes on only 2 battlefields and th e  support

of th is  b ivariate d istribu tion  function F  collapses to  the  line segm ent ( ^ X B, 0) to  

(0 , %Xb ), i.e. the  support is { ( x i , x 2) €  M +|xi +  x 2 =  -X4 } .10

If |  <  Xa <  ^  then , from the  support of th e  bivariate d istribu tion  function F,  

it follows th a t

Since x\  = X a — x 2 — x 3, we have th a t th e  un ivariate m arginal d istribu tion  for 

battlefield  1 places an  atom  of size 3 — at 0 and random izes continuously on 

[0 , ^ X b \ w ith  th e  rem aining m ass, and th a t  for all realizations of ( x i , x 2 ,X3) x\  + 

X2 +  X3 =  X a w ith  probability  1. Equivalently, the  com bination of x\  = X a — z  w ith 

the  b ivariate d istribu tion  F  for x 2 and  x 3 defines a trivaria te  d istribu tion  function, 

F',  w ith  support th a t  uniform ly places m ass —  1 on each of the  two following
n  °

line segm ents

1. (0, *-XB, X A -  l x B) to  ( 2 -X b , X a  -  *-XB,0)

2 . (0 , X A -  | X S , I X B) to  ( | X Bl 0 , X A -  l X B)

and uniform ly places th e  rem aining m ass, 3 — on the  line segm ent

(0, l X B, X A -  l X B) to  (0 ,X ^  -  |X b ,  f X B). T he projection of th is support onto

the  x 2 ,x 3-, X i , x 3-, and x i ,x 2-planes is given in F igure 2.

10It should be pointed out that in the case that f  =  ^ , the bivariate distribution function F  is 
exactly the Frechet-Hoeffding lower bound 2-copula,

W  =  m ax{F  (au) +  F  (x2) -  1,0}

combined with F (xt ) =  s x̂ g for X,- e  [0, \ X b \ and i= l,2 .
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P ro jection  of Support onto the  

xo, x 3-plane

P ro jection  of S upport onto the 

x \ , 22-plane (or x\ ,  23 -plane)

Figure 2: Support of the  T rivariate D istribu tion  F'

Tf =  3 tVipn nlavpr A r9.nHnmi7.ps nn ?! hattlpfiplHs arrorrlino' tn tbp trivp.ria.tp

From  th e  preceding discussion it is clear th a t  each of the th ree  univaria te  m arginal 

d istribu tion  functions random izes continuously on [0 , ^Xb]  and  th a t for all realiza­

tions of ( x i ,X 2 , X3 ) x\  + X2  + £3 =  X a  w ith  probability  1 .

Similarly, for |  ^  <  (j- player A  allocates force to  a t least th ree  and  not more

th a n  four battlefields. In th is case, let z — x 2  + x 3  +  x 4  and  x 4 = X a  — z. Consider 

th e  support of the  trivaria te  d istribu tion  function, F.  for 2 2 , 2 3 , x 4  which uniform ly 

places m ass 2 — on each of the  two following line segm ents“As

d istribu tion  function F'  which has support th a t  for yA 

I  on each of th e  two following line segm ents

uniform ly places m ass

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

16

and uniform ly places m ass — § on each of the  two following line segm ents

1 . (0 , 0 ,X 4 - f X B) to  ( 1 X b , X a - 1 X b , 0 )

2. ( 0 , X A - l X B,0)  to  { l X B, 0 , X A - $ X B).

This sup p o rt is shown in F igure 3.

^3

Figure 3: Support of the  T rivariate D istribu tion  F

Given th is  support, it is straigh tforw ard  to  establish th a t each of the  th ree uni­

varia te  m arginal d istribu tion  functions random izes continuously on [0, ^ X s ] ,  In 

addition, th is  triv aria te  d istribu tion  function has th e  p roperty  th a t  th e  d istribu ­

tio n  of z places an  atom  of size 4 — a t X A and  random izes continuously on 

[XA — ^ X B, X A] w ith  the  rem aining mass. Since a t every point on th e  support 

x\  + X2  +  x’3 +  X4  = X A, it follows directly  th a t  th e  d istribu tion  on battlefield  1 places 

an  atom  of size 4 — a t 0 and random izes continuously on \ X A — ^~XB, X A] w ith 

the  rem aining mass.
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Since we can always use independent com b ina tions o f the  b iva ria te  and tr iv a r ia te

d istribu tions used to  establish th a t  points 2 (b) and  3 (a) hold for ^ < <
the  rem aining cases, ^ <  1 , follow directly. For example, in the  case th a t

^  ^ player A  can independently  use the  construction  for ^  ^ twice. Thus,

player A  random ly selects n  — 4 battlefields which each receive zero force, breaks the  

rem aining four battlefields into two sets of two battlefields, and  independently  uses 

the  b ivariate d istribu tion  function,

F  (x , y ) — m ax + y
- 1,02 v  2 y- X B - X b

for x, y G [0, ^ X B] on each of the  sets of two battlefields. Since these bivariate 

d istribu tion  functions are independent it is straightforw ard to  show th a t  th e  support 

across all four battlefields is contained in {x  G R+| Xw=i x i ~  - ^ a } ■ In  general, for all 

£ <  — 1 t l iere exist com binations of independent bi- and  trivaria te  d istribu tion

functions to  establish  th a t points 2 (b) and 3 (a) hold for ^ <  x

We now exam ine th e  case th a t  -h -  <  < % as in Theorem  3. T his proofn —1 — X b  n

is for player B.  T he existence of a  sufficient n -variate d istribu tion  for player A  

in th is  param eter range is a special case of th e  Theorem  2 param eter range when 

X a = T he construction  of the  n-variate  d istribu tion  function is outlined as

follows.

1. Player B  random ly selects 

of X a to  those battlefields.

2 X b n of the  battlefields and  provides a  force

2. If ~2Xb ' 2 X P
X a .  J =  1 , then:

(a) Player B  random ly selects 2n 

tlefields.

(b) O n the  random ly selected 2n

2 X b

x a

2 XB 
X a

of the rem aining 2n  — 2 X r

X a
bat-

battlefields, player B  random izes

continuously on [0 , X a ] on each of these battlefields such th a t , le ttin g  2 be
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th e  sum  of player B's  allocations of force on all n — 1 of these battlefields 

and G (z) be the  d istribu tion  of z,

G( z )  = 1 +
X B

X A
2 X e

X A
+

2X b
X a

for z € [ X b -  X A: X b ]

(c) Defining th e  allocation of force on th e  rem aining battlefield  as X B — z, it 

follows directly  th a t  the  univariate d istribu tion  of force on th e  rem aining

battlefield  places m ass 2 X n
x A

2 X r

X A
a t X A and  random izes continuously on

[0, X A\ w ith  th e  rem aining mass. In addition  for all realizations, x  6

of th is  s tra teg y  X™=i 

(d) T here are
2 n - i T f J

X B w ith  probability  1.

ways of dividing n  battlefields into dis-

jo in t ^ — n j-su b se ts , ^2n — ^-subsets, and  1-subsets. Con­

stru c tin g  an  n -variate  d istribu tion  as described above on each of the

n  1 \ 2n~  i ' s f  Ji possible divisions of the  n  battlefields into dis­

jo in t ( 2 X B.
X A

weighting each

n )-su b se ts, ^2n —
2 Xs.

2 n —

of
2Xn

these
- l

X A 

n-variate

^-subsets, and  1-subsets and 

d istribu tion  functions by

, the  n-variate  d istribu tion  function formedn

. M m
oy tak ing  the sum  of these weighted n-variate d istribu tion  functions has

univaria te  m arginal d istribu tion  functions which each have a m ass point 

1 a t  X A and random ize continuously on [0, X A}.of M s .  
01 x A

3. If r a x p l 2 X P
X A . X *  .

0 , then:

(a) On the  rem aining 2 n — battlefields, player B  random izes continuously 

on [0, X A] on each of these battlefields such th a t , le ttin g  z be th e  sum  of 

player B's  allocation of force on all of th e  battlefields and G (z) be the  

d istribu tion  of z,
'  0 z < X B 

1 z  >  X B
G( z )  =
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Thus, fo r a ll rea liza tions, x  e K " ,  o f th is  s tra teg y  x1 =  X B w ith  

p ro b a b il ity  1 .

(b) T here are 2Xn ^  ways of dividing th e  n  battlefields into disjoint 

( ^ r f  — n j -subsets and (2n  — -subsets. C onstructing  an  n-variate  

d istribu tion  as described above on each of th e  ( n 2\-0 I possible divisions
V n- i c f J

of the  n  battlefields into disjoint ( ^ f  — n^-subse ts  and ( 2 n — 

subsets and weighting each of these n-variate d istribu tion  functions by 

^ 2" H a  j  ’ ^ ie ri-variate d istribu tion  function form ed by tak ing  the 

sum  of these weighted n-variate  d istribu tion  functions has univariate 

m arginal d istribu tion  functions which each have a m ass point of 

^ — 1^ a t X a  and random ize continuously on [0 , X a].

T he pivotal steps in th is  construction  are, again, points 2 (b ) and  3 (a ) , and  we 

will now show th a t  there exist such m ultivariate d istribu tion  functions. In  fact 

these m ultivariate  d istribu tions are quite sim ilar to  those used for the  T heorem  2 

param eter range. We will, thus, only provide the  supports of the  bivariate and 

trivaria te  d istribu tions th a t establish  th a t points 2 (b) and 3 (a) hold. Beginning 

w ith  the  case th a t n  — 3 <  — n < n  — 2, from points 2 and 3 player B  allocates a

force of X a  to  a t least n  — 3 and not m ore th a n  n — 2 battlefields. Given th a t  n — 3 

battlefields have received a  force of Xa,  for th e  th ree  rem aining battlefields let x,  

denote th e  allocation of force to  battlefield  i €  {1 ,2 ,3} . Consider the  support of a 

triv aria te  d istribu tion  function for x i , x 2, x 3  which uniform ly places m ass n  — 1 — 

on each of the  two following line segm ents

1. (0, X A, X B - X A ( n -  2)) to  (X A, X b  - X A ( n -  2 ), 0)

2 . (0, X B -  X A (n -  2 ) ,  X A) to  ( X A) 0, X B - X A ( n -  2))

and  uniform ly places th e  rem aining mass, _  2n + 3, on th e  line segm ent 

( X A, 0, X B — X A (n — 2 )) to  ( X a , X b  — X a  (n — 2 ) ,  0). Given th is  support, it is 

straigh tforw ard  to  establish  th a t the  un ivariate m arginal d istribu tion  functions on
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battlefields 2 and  3 random ize continuously on [0, %Xb ] and th a t  the  univaria te 

m arginal d istribu tion  function for battlefield  1 places an  atom  of size — 2n +  3 

a t X A and  random izes continuously on [0, X a] w ith  th e  rem aining mass.

Similarly, for n  — 4 <  — n < n  — 3 player B  allocates a force of X a to  a t least

n — 4 and  no t m ore th a n  n  —3 battlefields. Given th a t  n — 4 battlefields have received 

a force of Xa,  for th e  four rem aining battlefields let Xi denote the  allocation of force 

to  battlefield  i 6  { 1 ,2 ,3 ,4 } , z' — X2 +X 3 +X 4  and  x\  =  X A — z ' —X A (n — 4). Consider 

th e  support of a  triv aria te  d istribu tion  function for X2 , £3 , x4 which uniform ly places 

m ass 2 +  ^  — n  on each of the  two following line segments

1. (0, X B - X A ( n -  2)) to  ( X A, X B - X A ( n -  2 ), 0)

2 . (0 , X B - X A ( n -  2 ) ,  X A) to  ( X At 0 , X B - X A ( n -  2 ))

and  uniform ly places m ass n  — ^  — § on each of th e  two following line segm ents

1. (0, X A, X B - X A ( n -  2)) to  ( X A, X B - X A ( n -  2 ) , X A)

2 . (0, X B - X A ( n -  2 ) ,  X A) to  { XA) X A, X B - X A ( n -  2))

Given th is  support, it is straightforw ard to  establish th a t  each of th e  th ree  univari­

a te  m arginal d istribu tion  functions random izes continuously on [0,X a]. In addition, 

th is  triv aria te  d istribu tion  function has the  p roperty  th a t th e  d istribu tion  of z'  places 

an  a tom  of size 4 +  — 2n  on X B — X A (n — 3) and random izes continuously on

[Xb — X A (n -  3 ) , X B — X A (n  -  4)] w ith  the  rem aining m ass. Since a t every point 

on th e  su pport x\  + X2  +  £3 +  £4 =  X A, it follows directly  th a t the  d istribu tion  on 

battlefield  1 places an  atom  of size 4 +  ~  2n  a t X A and random izes continuously

on [0, X A] w ith  the  rem aining mass.

Since we can always use independent com binations of the  b ivariate and  trivaria te  

d istribu tions used to  establish th a t points 2 (b) and  3 (a) hold for n  — 4 <  — n  <

n  — 2, th e  rem aining cases, 0 <  — n < n  — 4, follow directly.
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1.4 Conclusion

I conclude by noting  the  relationship between B orel’s form of the  Colonel B lotto  

gam e and  M yerson’s form of the  Colonel B lotto  game. M yerson (1993) presents a 

modified form of th e  Colonel B lo tto  gam e in which there are an  infinite num ber of 

battlefields and  th e  budget holds only in expectation  (see Ju d d  (1985) and Feldm an 

and  Gilles (1985) for a discussion of the  application of the law of large num bers on a 

continuum ). In  recent years, th is m odel has a ttra c te d  interest, including red istribu­

tive politics applications such as: the  incentives for generating budget deficits (Lizzeri 

(2002)), inefficiency of public good provision (Lizzeri and Persico (2001,2002)), and 

cam paign spending regulation (Sahuguet and Persico (2004)). M yerson’s justifica­

tion  for th is simplified form ulation is th a t:

T he hardest p a r t of [the Colonel Blotto] problem  was to  construct 

jo in t d istribu tions for allocations th a t always sum  to  th e  given to ta l b u t 

give uniform  m arginal d istribu tions for each battlefield /vo ter. I have 

avoided such difficulties here by allowing th e  offers to  be  m ade inde­

pendently  to  the  various voters and by only requiring th a t  the budget 

constra in t be satisfied in expected value, (p.858)

T his paper dem onstrates th a t  the  problem  of constructing  optim al jo in t d istri­

butions for B orel’s form of the  Colonel B lo tto  gam e can be separated  into charac­

terizing the  set of un ivariate m arginal d istribu tions and establishing the  existence 

of a  m apping of th is  set into a jo in t d istribu tion . In addition , th is separation  of 

the  jo in t d istribu tion  into a set of univariate m arginal d istribu tions and an  n-copula 

also highlights the  connection betw een B orel’s form  of the Colonel B lo tto  gam e and 

M yerson’s form of th e  Colonel B lo tto  game. In particu lar, for th e  players’ levels of 

force specified in Theorem s 2 and 3, in B orel’s form  of the  Colonel B lo tto  gam e each 

player allocates all of their force w ith  probability  1 and thus m ust allocate all of 

th e ir force in expectation. It follows directly  th a t  th e  equilibrium  distribu tions of
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M yerson’s form of the  Colonel B lotto  gam e correspond exactly  w ith  the  equilibrium  

un ivaria te  m arginal d istribu tions in B orel’s form of the  Colonel B lo tto  game.
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1.6 Appendix

T he proof of T heorem  2, which is contained in th e  following lem m as, establishes 

th a t  there  exists a one-to-one correspondence betw een the  equilibrium  univariate 

m arginal d istribu tions of th e  Colonel B lo tto  game and  the  equilibrium  distribu tions 

of bids from a unique set of tw o-bidder independent and identical sim ultaneous all­

pay auctions. T he uniqueness of th e  equilibrium  univariate m arginal d istribu tions 

th en  follows from th e  characterization  of the  all-pay auction by H illm an and Riley 

(1989) and Baye, Kovenock and  de Vries (1996). In th e  discussion th a t follows, 

s? and sj are the  upper and lower bounds of cand idate  i's d is tribu tion  of force for 

battlefield  j  and -  <  ^  <  1 .J n — As —

Lemma 1: For each i €  {A, B} ,  A* >  0.

Proof: For Theorem  2’s p aram eter range, in  any equilibrium  each player

allocates all of their forces w ith  probability  1. Thus, each player m ust also

allocate all of their forces in expectation. Q.E.D.

These next four lem m as follow along th e  lines of the  proofs in Baye, Kovenock, 

and  de Vries (1996).

Lemma 2: For each j  £  {1 , . . . ,  n}, =  sj = P .

Lemma 3: In  any equilibrium  {Fj ,  F T } ny  no Ff  can place an  atom  

in th e  half open interval (0, P}.

Lemma 4: For each j  e  {1 , . . . ,  n}  and for each i € {A,  B} ,  ^ j -F F  (x ) —x  

is constan t V x  G (0, P],

Lemma 5: V j  e  { 1 , . . . ,  n}, F jB (0) =  0 and, thus, ^ F JB (x) -  x  =  0 V 

x  € [0, s-7].

T he following lem m a characterizes the  relationship between A.4 and  Xb- 

Lemma 6: In equilibrium  Xa =
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Proof: By way of contradiction, suppose th a t ^  A s ^ - .  For Theorem

2 ’s p aram eter range, in any equilibrium  each player allocates all of their

forces w ith  certa in ty  and in expectation, thus

X B f  xdF{ (x) = X A J 2  [ "  xdF JB {x) (1.3)
3=1 J ° j = 1 J °

B ut, from lem m as 3, 4, and  5, it follows th a t

dF°A (x) = nXs dx  (1.4)

for all x  £  (0 , s-7'], and

dF'3b ( x )  = n \A d x  (1.5)

for all x  €  [0, s7]. S ubstitu ting  equations 4 and 5 into equation  3, we have

n  ngj n  p§3

XbXb'V ']  /  nxdx  = X^ Xa  ^  /  nxdx  
j = i ”'° j= l *'°

which is a contrad iction  since
n  pgj ti pgi

> /  nxdx  =  > /  nxdx
U J o  U J 0

b u t A^ Q-E.D.

T he following lem m a establishes th e  value of sJ.

Lemma 7: s-7 =  -L-.

Proof: From  lem m as 4 and  5, we know th a t  for each player i and any 

battlefield  j

( l)  ~ 1
is constan t V i e  (0, s7]. I t th en  follows th a t player i would never use 

a  s tra teg y  th a t  provides offers in since an offer of zero stric tly

dom inates such a strategy. N oting th a t  ^  we have th a t  s7 <

and  th a t  V i e  (0 , s7]

- \ - F F  (x ) -  x  > —  sj .
nXi nXi
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B y way of contradiction, assum e th a t  s] <  ^  then  by allocating a level of 

force to  battlefield  j  th a t  is greater th an  sJ by an  arb itra rily  sm all am ount, 

player A  can earn  a rb itra rily  close to  — P  >  0 on battlefield  j ,  which 

contrad icts lem m a 5. Q.E.D.

T he following lem m a establishes th a t there exists a unique pair Xa , Xb th a t  

satisfies th e  budget constrain t.

Lemma 8: T here exists a unique value for and thus for Xb- Xa =

and  thus Ab = j$ - -
B

Proof: T he budget constra in t determ ines the  unique pair A/t, Xb- Thus,

Xa solves

n x uXacLx  =  X b

Solving for A^ we have th a t

It follows directly  from lem m a 6 th a t  As — Q.E.D. 

T his com pletes the  proof of Theorem  2.
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2. Fiscal Federalism and the Incentives of Redistributive

Politics

In  the  m odel of redistribu tive politics, political parties com pete for represen ta tion  in 

a legislature by sim ultaneously announcing binding com m itm ents as to  how they  will 

allocate a budget across voters. Each voter votes for the p a rty  offering the  highest 

level of utility, and  each p a r ty ’s payoff is its representa tion  in the  legislature, which 

under proportional represen tation  is equal to  th e  fraction of votes received by th a t 

party. This m odel was originally form ulated w ith  a continuum  of voters by M yerson 

(1993) and la te r w ith  a  finite popu lation  of voters by Laslier and  P icard  (2002) .1

T his paper extends Laslier and  P ica rd ’s (2002) m odel of redistribu tive politics 

w ith  a  finite popu lation  of voters to  allow for centralized and decentralized redis­

tribu tive  com petition  w ith  local public goods and shows th a t  th is has im p o rtan t 

im plications for b o th  fiscal federalism  and  redistribu tive politics. In th e  centralized 

system , political parties com pete for representa tion  in the legislature by announcing 

binding com m itm ents as to  how they  will allocate th e  aggregate budget to  red istribu­

tion  across th e  voters and  to  investm ent in th e  production  of th e  local public goods 

in each of the  jurisdictions. In the decentralized system , parties com pete w ith in  each 

ju risd iction  by announcing binding com m itm ents as to  how they  will allocate th a t 

ju risd ic tion ’s budget to  red istribu tion  across the  voters in th a t  ju risd iction  and to  

investm ent in the  p roduction  of the  local public good in th a t jurisdiction. In  bo th

xIn both of these games there are no pure strategy equilibrium. In Myerson (1993) an offer dis­
tribution is a probability distribution over R+ with the measure over each interval interpreted as 
the fraction of voters for whom the party’s transfer has value in that interval. Since Myerson 
assumes a continuum of voters and offers that are independent across voters (each voter takes an 
independent draw from the offer distribution), one can appeal to Judd (1985) and Feldman and 
Gilles (1985) in assuming that the aggregate budget constraint holds with probability one and not 
just in expectation. In Laslier and Picard (2002) an offer distribution is an n-variate distribution 
over R" with the property that the budget constraint holds with probability one.
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system s, voters vote (sincerely) for the  p arty  th a t  offers them  the  higher level of 

u tility  from  b o th  th e  transfer offered and th e  level of local public good provision.

In  Laslier and  P icard  (2002), which follows from B orel’s (1921) Colonel B lotto  

gam e, there are no pure stra tegy  equilibrium . A m ixed stra tegy  is jo in t d istribu tion  

function w ith one un ivariate m arginal d istribu tion  for each voter, which represents 

th e  random ization  of and the  correlation betw een th e  transfers ta rg e ted  a t each voter. 

Similarly, there  are no pure s tra teg y  equilibrium  in th e  centralized and  decentralized 

m odels of red istribu tive politics w ith  local public goods. In  b o th  models, a mixed 

s tra teg y  is a jo in t d istribu tion  function w ith  one dim ension for each voter and  one 

dim ension for each jurisdiction, which represents th e  random ization  and  correlation 

of b o th  th e  transfers ta rg e ted  a t each voter and th e  zero-one local public good pro­

vision decision for each jurisdiction. T his paper dem onstrates how to  separate  each 

p a r ty ’s best response correspondence into a set of un ivariate m arginal d istribu tions 

and a m apping from  th is  set into a jo in t d is trib u tio n .2 I th en  com pletely character­

ize each p artie s’ unique set of N ash equilibrium  univariate m arginal d istribu tions for 

th e  centralized and decentralized m odels of red istributive politics w ith  local public 

goods .3

In equilibrium , th e  level of inequality  (as m easured by the  Gini-coefficient.) arising 

from each p a r ty ’s red istribu tive/local public goods schedule is higher in a centralized 

system  th a n  in a decentralized system . In a centralized system  the  level of inequality  

arising in each p a r ty ’s red istribu tive/local public goods schedule is increasing in the 

u tilities provided by th e  local public goods. Conversely, in a decentralized system , 

the  level of inequality  arising in each p a r ty ’s red istribu tive/local public goods sched­

ule is decreasing in  the  u tilities provided by the  local public goods. In addition, if 

th e  u tilities provided by th e  local public goods are above a m inim al threshold , th en

2See Nelson (1999) for an introduction to copulas, the mappings from univariate marginal distri­
butions into joint distributions.
3While each player’s set of equilibrium univariate marginal distributions of this game is unique, 
there are several distinct mappings (and thus several distinct joint distributions) of these sets of 
univariate marginal distributions into joint distributions with the property that the entire budget 
is spent with probability one.
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centralization is also found to  create g reater inefficiencies in th e  provision of the  local 

public good. However, th e  greater inefficiency of centralization  is due to  th e  incen­

tives of red istribu tive com petition  w ith  centralization and no t to  in terjurisdictional 

ex ternalities or heterogeneities in the p roduction  of or preferences for local public 

goods. In particu lar, centralization facilitates revenue sharing across jurisdictions. 

It is the  com bination of revenue sharing across jurisdictions and th e  ta rg e tab lity  

of local public goods th a t  lead to  g reater inefficiencies and g reater inequality  in a 

centralized system .

W hile closely re la ted  to  th e  trad itio n a l theo ry  of fiscal federalism  (i.e. M usgrave 

(1959) and  O ates (1972)), th is  paper departs from th a t  theory  in several im p o rtan t 

ways. F irst, th is paper assum es th a t  in a centralized system  each p a rty  has the  

ability  to  choose the  level of local public good provision for each of the  jurisdictions 

ra th e r th an  only a uniform  level of local public good provision across all jurisdictions. 

Clearly, th ere  are b o th  theoretical and  em pirical justifications4 for generalizing the  

local public good provision options in a m odel of a  centralized system . Second, as is 

com m on in m odels of redistribu tive politics, th e  electorate is assum ed to  be hom o­

geneous in b o th  preferences for their local public good and  in original endowm ent. 

In  a  centralized system , one possible goal of revenue sharing across ju risd ictions is 

fiscal equalization, i.e. transfers from w ealthy jurisdictions to  poor jurisdictions. By 

assum ing a  hom ogeneous electorate, th is paper highlights the  strateg ic  aspects of 

red istribu tive com petition  and  the  resulting  inequality. T hird , th is paper assum es 

th a t  there  are no in terjurisdictional externalities and  no cost differentials in the  pro­

duction  of th e  local public goods5. In th is setting , th e  trad itio n a l theo ry  of fiscal 

federalism  provides no prescription for a centralized versus a decentralized system  

since th e  welfare under b o th  system s is th e  same. In  contrast, th is paper highlights

4See for example Besley and Coate (2003) and Lockwood (2002), among others, who discuss this 
issue.
5 In particular, in this paper the provision of the local public good has the same cost per voter in 
each jurisdiction.
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im p o rtan t differences between th e  centralized and  decentralized system s when the  

incentives of redistribu tive com petition  are taken  into account.

Closely re la ted  is Lizzeri and Perisco’s (2001) m odel of red istribu tive com petition  

(over a continuum  of voters) w ith  public good provision. In th a t  paper political p a r­

ties com pete for representa tion  in a legislature by announcing binding com m itm ents 

as to  how they  will allocate a budget across voters and investm ent in the  p roduction  

of a public good. As in th is paper, the  electorate is hom ogeneous in b o th  their pref­

erences for th e  public good and in original endow m ent, and each voter votes for the 

p a r ty  offering the  highest level of u tility  (from b o th  red istribu tion  and public good 

provision). T h a t paper finds th a t  in an  electoral college system  w ith  w inner-take-all 

in each jurisd iction  and a continuum  of jurisd ictions each w ith  a continuum  of voters, 

th e  inefficiency of public good provision is much greater th an  in proportional system.

T his paper generalizes Lizzeri and Perisco’s (2001) public good p roduction  tech­

nology by allowing for local public good provision w ith in  each jurisdiction . It is th is 

generalization th a t  facilitates the  com parison of centralized and decentralized redis­

tribu tive  com petition  w ith  local public goods. In  addition, in th a t  paper there  are 

a continuum  of voters and the budget holds in expectation. T his paper focuses on 

th e  case of a  finite num ber of jurisdictions each w ith  a finite num ber of voters and 

develops th e  necessary correlation s tru c tu re  to  ensure th a t th e  budget holds w ith  

probability  one. Lastly, Lizzeri and  Persico (2001) focus solely on th e  inefficiency 

of public good provision. T his paper also exam ines th e  inequality  th a t  results from 

centralized and  decentralized redistribu tive com petition  w ith  local public goods.

Section 2 presents the  centralized and decentralized models of red istribu tive pol­

itics w ith  local public good provision. Section 3 dem onstrates how to  separate  the 

partie s’ best response correspondences into a set of un ivariate m arginal d istribu tions 

and  a m apping from th is set into a jo in t d istribu tion ; com pletely characterizes the 

unique set of N ash equilibrium  univariate m arginal d istribu tions of the  games of 

cen tra lized  an d  d ecen tra lized  red istr ib u tive  p o lit ic s  w ith  lo ca l p u b lic  good s; d em on ­

stra tes  the  existence of a  m apping from the  set of equilibrium  univaria te m arginal
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d istribu tions into a  jo in t d istribu tion  w ith  the property  th a t  th e  budget is satisfied 

w ith  probability  one; and explores th e  n a tu re  of th e  inequality  and  inefficiency in 

th e  centralized and  decentralized systems. Section 4 concludes.

2.1 The M odel 

Voters

T he electorate consists of a finite num ber n  of voters, which are denoted  by z € 

{ 1 , . . . ,  n}. Voters are partitio n ed  am ong a finite num ber k of disjoint jurisdictions, 

where jurisd iction  j  e  { 1 , . . . ,  k}  consists of a  finite num ber r i j  >  3 of voters such 

th a t  nj — n - Voters are distinguished by the  ju risdiction  to  which they  belong, 

where voter z  in ju risd iction  j  is denoted by z ( j ) .  Each voter is endowed w ith  1 

un it of a  p rivate hom ogeneous good.

In jurisd iction  j  th e  local public good provides a benefit of Gj  to  each of th e  voters 

in jurisd iction  j .  In each jurisdiction, j ,  the  production of the  local public good is 

a zero-one decision which is indicated  by € {0,1} for p a rty  i. T he production  of 

th e  local public good in ju risd iction  j  requires all of d istric t j ’s endow m ent, i.e. nj  

u nits of th e  hom ogeneous good .6 T hroughout th is paper we will focus on th e  case 

th a t  p roduction  of the  local public goods is efficient, i.e. Gj  >  l .7 Each voter in 

each jurisd iction  receives an offer of a ta x  or transfer from each party. For voter z  in 

ju risd iction  j ,  let €  M+ denote th a t  v o ter’s am ount of th e  private  homogeneous 

good after p a rty  i ’s com m itm ent of any taxes or transfers. V oters’ u tilities are 

additively separable in th e  private hom ogeneous good and the  local public good. 

Thus, th e  u tility  th a t  voter z  in d istric t j  receives from p a rty  i who offers them

6As in Lizzeri and Persico (1998), this analysis is robust to the relaxation of this assumption.
7In the case that production of the local public goods is inefficient, the local public goods are 
not produced in any optimal strategy of the games of centralized and decentralized redistributive 
politics with local public goods, and the equilibrium becomes that of the model of redistributive 
politics without local public goods.
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Each voter votes for the  p arty  th a t  provides them  w ith  the  higher level of utility. In 

th e  case th a t th e  parties provide th e  sam e level of u tility  to  a voter, th e  parties win 

th e  voter w ith  equal probability.

2.1.1 Centralized Political C om petition  

Parties

Two parties, A  and  B,  m ake sim ultaneous offers of transfers to  each of th e  n  voters 

and  production  com m itm ents to  th e  local public good for each of th e  k ju risd ic­

tions. Each p a r ty ’s payoff is its vote share. T he m axim um  ta x  th a t  can be im posed 

upon a voter is equal to  one un it of th e  private hom ogeneous good. Thus, each 

vo ter’s allocation of th e  private hom ogeneous good, after any taxes or transfers, is 

nonnegative.

Centralized Strategies

As in b o th  th e  m odel of pure redistribu tive politics and th e  Colonel B lotto  game, 

there  are no pure s tra teg y  equilibrium  in either the  centralized or decentralized re­

d istribu tive politics w ith  local public goods games. A m ixed s tra teg y  for the  gam e of 

centralized redistribu tive politics w ith  local public goods, which we label a centralized 

redistributive/local public goods schedule, for p a rty  i is an n  +  fc-variate d istribu tion  

function Pi : {0, l } fe IJM ” —> [0,1]. T he n + A;-tuple of the allocations of the  private 

hom ogeneous good th a t result from p arty  i's tax es/tran sfers  to  each of th e  n  voters 

and  p roduction  decisions for each of the  k  local public goods is a random  n + fc-tuple 

draw n from  P-i w ith  th e  set of un ivariate m arginal d istribu tions j  }^= 1 , { E ~}"=1 j .  

Since th e  production  decision for each local public good is a zero-one decision, the  k 

univaria te m arginal d istribu tion  functions, one univaria te  m arginal d istri­

bu tion  function for each d istric t j ,  are each Bernoulli d istributions. T he probability  

th a t p a r ty  i provides the  local public good in d istric t j ,  E L, (x), is denoted  by aj. 

T he rem aining n  un ivaria te m arginal d istribu tion  functions, { F /} ”=1, one univariate
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m arginal d istribu tion  function for each voter z, are the univaria te m arginal d istri­

butions of the  allocations th a t result from p arty  i ’s tax es /tran sfe rs  to  each voter 

z.

Each p a r ty ’s centralized red istribu tive/local public goods schedule m ust satisfy 

th e  aggregate budget constrain t. T he set of budget balancing centralized red istribu­

tive/local public good schedules is denoted by,

® = w  t i  ’ }"= i} i s  t jn3 + i t , tz ^ n
l  j  = 1 2=1

T he su pport of any feasible centralized red istribu tive/local public goods schedule is 

contained in 03.

Centralized R edistributive Politics w ith  Local Public Goods

T he game of centralized redistributive politics with local public goods, which we label

C  {{G j, n j} j=1} ,

is th e  one-shot gam e in which parties com pete by sim ultaneously announcing budget 

balancing centralized red istribu tive/local public goods schedules, each voter votes for 

th e  p arty  th a t provides the  higher utility, and candidates m axim ize their vote share.

2.1.2 D ecentralized Political Com petition  

Parties

In  each jurisd iction  j ,  two parties, A  and B,  make sim ultaneous offers of either re­

distribu tive transfers to  each of the  voters in d istric t j  or provide the  local public 

good in d istric t j .  Each p a r ty ’s payoff is its vote share. In th e  case th a t  red istribu ­

tive transfers are offered, th e  m axim um  ta x  th a t  can be im posed on a voter is one 

u n it o f  th e  p rivate h om ogen eou s good . T h u s each  v o ter ’s a llo ca tio n  o f  th e  private  

hom ogeneous good, after any taxes or transfers, is nonnegative.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

34

D ecentralized Strategies

A m ixed s tra teg y  for th e  game of decentralized redistributive politics w ith  local 

public goods in d istric t j ,  which we label a decentralized redistributive/local public 

goods schedule in d istric t j ,  for p a rty  i is an n , +  1-variate d istribu tion  function, 

Hi : {0,1} U l J  —> [0,1]. Let Nj  denote the  set of voters in ju risd iction  j .  T he 

nj  +  1-tup le of th e  allocations of the  private homogeneous good th a t  result from 

p a rty  i ’s tax es /tran sfe rs  to  each of the  nj  voters in ju risdiction  j  and  th e  production  

decision for th e  local public good in jurisd iction  j  is a random  nj +  1-tup le draw n 

from  Hi w ith  the  set of un ivariate m arginal d istribu tions |{ L ,}  , { F f} zejVjj .  Since 

th e  production  decision for the  local public good is a zero-one decision, the  single 

univaria te  m arginal d istribu tion  function, {L,;} is a Bernoulli d istribu tion . T he prob­

ability  th a t  p a rty  i provides the  local public good, Ex, (x), is denoted by T he 

rem aining n: un ivaria te m arginal d istribu tion  functions, { F f } z€N , one univaria te 

m arginal d istribu tion  function for each voter in jurisdiction j ,  are th e  un ivariate 

m arginal d istribu tions of the  allocations th a t result from p arty  i's tax es/tran sfe rs  to  

each voter 2 .

Each p a r ty ’s decentralized red istribu tive/local public goods schedule m ust sa t­

isfy the  ju risd ic tio n ’s budget constrain t. T he set of budget balancing decentralized 

red istribu tive/local public good schedules is denoted  by,

For each jurisd iction  j ,  the  support of any feasible decentralized red istribu tive/local 

public goods schedule is contained in 93j. One im p o rtan t d istinction  betw een the  

cen tralization  and  decentralization  is th a t  w ith  decentralization the  jurisd ictional 

budget constra in t requires th a t  conditional on the  decision to  produce the  local 

public good each voter in th e  d istric t is taxed  their entire endow m ent. T h a t is for 

each j  €  { 1 , . . . ,  k}  and for all z £ Nj  F? (0| t* =  1) =  1 i =  A, B.
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D e c e n tr a l iz e d  R e d i s t r ib u t iv e  P o li t ic s  w i th  L o c a l P u b l i c  G o o d s

T he game of decentralized redistributive politics with local public goods for d istric t j ,  

which we label

Dj {G j> nj}  ,

is the  one-shot gam e in which parties com pete by sim ultaneously announcing budget 

balancing decentralized red istribu tive/local public goods schedules, each voter votes 

for th e  p arty  th a t  provides the  higher utility, and parties m axim ize their vote share.

2 .2  R e s u l ts

2 .2 .1  O p t im a l  U n iv a r ia te  M a rg in a l  D is t r ib u t io n s

To com pletely characterize th e  equilibrium  univariate m arginal d istribu tion  func­

tions, we utilize n-copulas, the  functions th a t m ap univariate m arginal d istribu tions 

into jo in t d istributions.

D e f in it io n :  Let I  denote the  un it interval [0,1]. An n-copula is a function 

C  from I n to  I  such th a t

1. For all x  £  7", C  (x) =  0 if a t least one coordinate of x  is 0, and if all

coordinates of x  are 1 except Xk, th en  C  (x) =  Xk-

2. For every x , y  e  I 11 such th a t Xk < Hk for all k  €  { 1 , . . . ,  n}, the

C -volum e of th e  n-box [xi ,yi] x . . .  x [xn, yn],

VC ([x, y]) =  A £  A l : i \ . . .  A »  A l \C  (t)

where
A ^ C ( t )  =  C (tu  . . .  , t k- i , y k, t k+i , .. ■ , t n)

G (ti, - - *,  i, 1 , . . . , tn)

is g reater th a n  or equal to  0 .

G iven th e  definition of an  n-copula, we can s ta te  th e  crucial p roperty  of n-copulas 

th a t  we will use.
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Theorem  1 [Sklar’s Theorem  in n-dimensions]: Let H  be an  n-

variate d istribu tion  function w ith  univariate m arginal d istribu tion  func­

tions Fi.  F 2, . . . .  Fn. T hen  there exists an  n-copula C  such th a t  for all 

x  <E M",

H  ( aq, . . . ,  x n) =  C (Fi  (aq) , . . . , F n (xn)) (2.1)

Conversely, if C is an  n-copula and  F\, F 2 , ■.., Fn are un ivaria te  d istri­

b u tion  functions, th en  the  function H  defined by equation  1 is an  n- 

varia te  d istribu tion  function w ith  un ivariate m arginal d istribu tion  func­

tions F i, F 2, . . . ,  Fn.

T he proof of the  tw o-dim ensional version of Sklar’s theorem  is due to  Sklar (1959). 

For a proof of th e  n-dim ensional version see Schweizer and Sklar (1983).

One additional definition th a t  will be used th roughou t th e  paper is the  support 

of an  n -variate  d istribu tion  function.

Definition: T he support of an n-variate distribution function, H, is the 

com plem ent of the  union of all open sets of R u w ith H -volum e zero.

Equilibrium in Centralized System

We now show th a t  th e  in  the  game of centralized redistribu tive politics w ith  local 

public goods th e  un ivariate m arginal d istribu tion  functions and th e  n  +  A;-copula are 

separate  com ponents of the  p artie s’ best response correspondences.

Proposition  1: In C  {{G j, nj}*=1|  each p a r ty ’s best response correspon­

dence can be separated  into the un ivariate m arginal d istribu tion  functions 

and  n  +  A;-copula com ponents.

Proof: In  the gam e C  {{G j, for a given P_j each p a rty  m axi­

mizes its  expected vote share. T here are two cases to  consider. The first 

is th a t  th e  upper bound of th e  support, sf,  of each univaria te  m arginal 

d istribu tion  function, Ff,  is less th an  or equal to  Gj ,  i.e. sf <  Gj  V 2 and
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i. T he second is th a t  the  upper bound  of th e  support, sf, of one or m ore 

of the  un ivaria te m arginal d istribu tion  functions, F?,  is more th a n  Gj ,  i.e. 

sf >  Gj for a t least one z  and i. T he proof for each of the  these cases 

follows sim ilar lines, and  given th a t  Lem m a 1 in the appendix  establishes 

th a t  in any optim al s tra teg y  sf <  Gj  V z and i, we will focus on the  first 

case. T hus we have th a t  p a rty  i's optim ization problem  can be w ritten  as

subject to  th e  constra in t th a t  th e  support of Pi is contained in IB or equiv­

alently  the  Pi-volume over the  region

have su pport in IB, and  each p arty  will allocate all of the  budget. Thus, 

th e  Pj-volume over the  region

m axP, ^ E .

is 0 .

In any optim al s tra teg y  Prpi E j = i  ( 4 nj  +  E z e ,v ,  — n  — 1 since 

each p arty  i ’s centralized red istribu tive/local public goods schedule m ust

is 0 and

N oting th a t

and E lj (yf) aj,  we have th a t

(2 .2 )
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T h a t is if th e  budget holds w ith  certainty, it m ust also hold in expectation.

T hen  from T heorem  1 th e  n  +  fc-variate d istribu tion  Pr is equivalent to  the

set \ L \ A  > > com bined w ith  an  appropria te  n + /c-copula, C.
I  ̂ J J j = 1  

Thus, from equation  2 and  th e  fact th a t  th e  P,;-volume over th e  regions

{*J . {*' “ } , i E b S  +  E H  >j=i \  zeNj
n

and

n
j = l \  z e N j  J  

is 0, th e  L agrangian of party  Vs op tim ization  problem  can be w ritten  as

k  E $ = i  n i  ( !  -  a - i  ~  X i )  a i +

1 - a 3_ i - a ’i + 2 a 3_ y i z (j)

m ax

1

n E L i
oo

0 dF:2 ( t ) +  Aj

where the  set of univaria te  m arginal d istribu tion  functions

k

U

satisfy the  constra in t th a t  there exists a n  +  /c-copula, C,  such th a t the 

sup p o rt of th e  n  +  k-varia te  d istribu tion

k

c

is contained in

<U) — n
j = i \  z e N j

T he p roof of th e  second case follows directly. Q.E.D.

N ote th a t  from Theorem  1 an n-variate  d istribu tion  is equivalent to  a set of un ivariate 

m arginal d istribu tion  functions, {P*}"=1, and an n-copula, C.  This in com bination 

w ith  th e  payoff function of th is class of games allows us to  separate  the  p a rtie s’ best
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response correspondences in to  the  u n iva ria te  m arg in a l d is tr ib u tio n  and n +  /c-copula 

com ponents.

T he following T heorem  com pletely characterizes the  set of equilibrium  univariate

public goods. Section 3.2 establishes the  existence of an  n + k -v aria te  copula w ith  the 

necessary p roperty  th a t the  com bination of the  n+/c-copula and  the  set of equilibrium  

univaria te m arginal d istribu tions allocate th e  aggregate budget w ith  probability  one.

Theorem  2: T he unique N ash equilibrium  univariate m arginal distri-

local public goods and  offer transfers according to  th e  following univariate 

d istribu tion  functions. For each p arty  i and jurisd iction j

T he expected payoff for each p a rty  is |  of the  vote share.

Proof: We begin by showing th a t  th is is an  equilibrium . F irst, in any 

optim al s tra tegy  the  budget holds w ith  certain ty  and thus in expectation. 

Assum ing th a t  there  exists a  sufficient n + /c-copula (which is established 

in section 3.2), th is  is a feasible stra tegy  since:

T hen  given th a t  p arty  B is following the  equilibrium  strategy, it is never a 

best response for p a rty  A to  provide transfers outside the  support of p a rty  

B's transfers. Thus we have th a t  th e  payoff to  p arty  A when it chooses to

m arginal d istribu tions for the  game of centralized redistribu tive politics w ith  local

butions of the  game C j  {Gj,ri j}k-=1 > are for each p a rty  to  produce the

V z e N j x £  [0 , 1]

provide transfers according to  an  a rb itra ry  strategy
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B ut from  equation  (2) of P roposition  1 it follows th a t

x d F z(j) < -  
1 ~  2

which holds w ith  equality  if and  only if p a rty  A  uses a s tra teg y  th a t  spends 

th e  entire budget in expectation, as does th e  equilibrium  strategy. Thus 

p arty  A ’s vote share cannot be increased by deviating to  ano ther strategy.

T he argum ent for p a rty  B  is sym m etric.

T he p roof of uniqueness is contained in th e  appendix. Q .E.D .

T his resu lt holds regardless of th e  benefit of th e  local public good in each district.

Equilibrium in a D ecentralized System

A sim ilar result applies to  the  gam e of decentralized red istribu tive politics w ith 

local public goods.

Proposition  2: In  Dj {Gj ,ri j}  each p a r ty ’s best response correspondence 

can be separated  into the  univariate m arginal d istribu tion  functions and 

rij + 1-copula com ponents.

Proof: In  th e  gam e Dj {Gj,ri j},  for a given H^., each p a rty  m axim izes its 

expected vote share in ju risd iction  j .  Thus, in ju risd iction  j  th e  optim iza­

tio n  problem  for p a rty  i can be w ritten  as

J- (1 -  ai) a XEy, U “ Fi (Gi\Li = °)) +
£  (1 -  a - , )  (1 -  Oi) E z€Nj fo" F- i  ^  °) dFi (*lb: -  0) +

subject to  the  constra in t th a t  the  support of Hi is contained in *Bj or 

equivalently th e  //j-volum e over th e  region

is 0 .
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In any optim al s tra tegy  P r Hi l 4=0 =  1 since each p arty^2 zeNj ti — nJ
Vs decentralized red istribu tive/local public good provision schedule m ust 

have support in *Bj, and each p arty  will allocate all of ju risd iction  j ’s 

budget. Thus, the //^-volume over the region

|  { W  - } K -  +  J 2  tZ <  ni |

is 0 and

E Hi\H=0 =  Tlj.

T h a t is if th e  budget holds w ith  certa in ty  it m ust hold in expectation. 

N oting th a t

Ĥi\t,i=Q ( ^2 tZ J = ^  EF*\h=0 {xf)
\zeNj J  zeNj

we have th a t

F ,  E f?\h=o (®i) =  nj  (2.3)
z€N,

From  Theorem  1 th e  n 3  +  1-variate d istribu tion  Hi is equivalent to  the  set 

j{L,;} , { F f } z€N. |  com bined w ith  an  appropriate  n , +  1-copula, C. Thus, 

th e  L agrangian of p a rty  i ’s op tim ization problem  can be w ritten  as

m ax {L4,{F.*} } i  ^ ~ ^ ~~ F* ^G j \bi =  +

t ,  E ,e » , fo °° ( (1- “,>f - ° - )-F*, =  » ) - * )  iF ?  (ill, =  0) +  .

^  (1 -  « _ ,) a t YszeNj F-i  =  0) +  +  A *

where the  set of un ivariate m arginal d istribu tion  functions

satisfy th e  constra in t th a t  there exists a rij +  1-copula, C, such th a t  the  

su pport of the  rij + 1-variate d istribu tion  C  (^L,. {F,z}z€N.̂ j is contained in

{('•}, {tz}zeN])V-nj + Y . tZ =
zeNj

Q.E.D .
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Given the  fact th a t  if th e  budget m ust hold w ith  certain ty  th en  it m ust hold in 

expectation , it follows directly  th a t the  set of N ash equilibrium  un ivaria te  m arginal 

d istribu tions of th e  gam e of decentralized red istributive politics w ith  local public 

goods coincide exactly  w ith  the  equilibrium  of Lizzeri and Persico’s (2001) m odel of 

red istribu tive politics w ith  public good provision. Thus for th e  gam e of decentralized 

red istribu tive politics w ith  local public goods we have the following.

Theorem  3: (Lizzeri and Persico (2001)) The unique N ash equilib­

rium  univaria te  m arginal d istribu tion  functions of th e  gam e D j { G j , r i j }  

are for each p a rty  to  produce th e  local public goods and  offer transfers 

according to  the  following univariate d istribu tion  functions. If 1 <  Gj < 2 

in d istric t j ,  th en  for p a rty  i

If Gj > 2 th en  b o th  parties provide the  local public good certainty. In 

b o th  cases, th e  expected payoff for each p a rty  is |  of th e  vote share.

Given P roposition  2, th e  proof of existence and uniqueness of th is  equilibrium  is 

a  straightforw ard  extension of Lizzeri and Persico’s (2001) result for a continuum  of 

voters and is thus om itted .

2.2.2 E xistence o f Sufficient n-copulas

Subject to  th e  constra in t th a t  there  exist sufficient n-copulas, Theorem s 2 and 

3 characterize th e  unique sets of the  games of centralized and  decentralized redis­

tribu tive  politics w ith  local public goods. T here are no known existence results for

and  V z  €  N j
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n+A>copulas or rij + 1-copulas w ith our necessary properties. However from Theorem  

1 , it is sufficient to  show th a t  there  exists a t least one n + k-varia te  d istribu tion  and 

one rij +  1-variate d istribu tion  w ith  the  necessary properties. To avoid non-generic 

cases which com plicate the  sta tem en t of the proofs and results, we will focus on 

th e  case in which n, k, and, for all j  £ { 1 , . . . ,  k}, rij are even. In  addition , it will 

be assum ed th a t  each jurisd iction  has the  sam e num ber of voters, i.e. n , =  n _ j V 

j , - j  £  {1 , . . . , / c } .8

Centralized System

Since n  >  8 ,9 there  are several graphical solutions for generating  n -variate  d istri­

butions over th e  set IB.10 In the  discussion th a t  follows, we will focus on th e  classic 

‘d isk’ solution due to  Borel (Borel and Ville (1938)) and th e  generalized ‘d isk’ solu­

tion, due to  Gross and W agner (1950).

Since we have assum ed th a t  k  is even and all jurisdictions are of th e  sam e size, we 

can sim plify th e  construction  of a  sufficient n  +  /c-copula by separately  constructing  

an  n-copula and  a /c-copula which are independent. We begin w ith  th e  n-variate  

m arginal d istribu tion  function of Pi w ith  the  set of univariate m arginal d istribu tion  

functions { F f } nz=1. Consider a regular n-gon w ith  sides, z £ {1 , . . .  ,n } , of length 

ta n  ( j j ) . Let fl be the  center of th is  regular n-gon. T he d iam eter of th e  circle 

inscribed in th is  n-gon w ith  center f2 is l .11 Let S  be the hem isphere of d iam eter 1 

centered a t Q. Let M  be a point random ly chosen from the  surface of S,  according 

to  th e  uniform  d istribu tion  on th e  surface of S. Let M '  be th e  pro jection of M  on 

the  plane th a t  contains th e  n-gon. Finally, let t z be th e  d istance from M ' to  the  side 

z of th e  n-gon.

8The main results of this paper hold for all feasible partitions of the electorate, but the construction 
of sufficient n-copulas is remarkably more cumbersome in the case that the jurisdictions are of 
different sizes.
9n > 8 since k >  2 and r i j  > 4 for j  €  { 1 , . . . ,  k}.
10See G ross and W agner (1950).
11For a review of the properties of regular n-gons see Harris and Stocker (1998).
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For th e  /c-variate m arginal d istribu tion  function of P* w ith  the  set of un ivariate 

m arginal d istribu tion  functions {jLf }*=1, p artitio n  th e  jurisd ictions into two groups 

of equal size and  random ly choose one of the  groups for which the  local public good 

is provided in every jurisdiction. Since rij =  n - j  for all j  and k  is even it follows 

directly  th a t  such a p a rtitio n  exists. Given th is  we have th e  following.

Proposition  3: Let P *  denote th e  n  +  A:-variate d istribu tion  function over 

|  {p , { t z{ j ) } z e N . }y=i | (*S  +  EzeiVj **0))  =  n j  induced by the  con­

stru c tio n  outlined above. Then, P *  generates the  equilibrium  univariate 

m arginal d istribu tions in Theorem  2 and a sufficient n  +  /c-copula.

T he construction  of the  n-variate  d istribu tion  function for th e  random ization  of the 

transfers is the  stan d ard  construction  of the  ‘d isk’ solution (for a proof see Laslier 

(2002), Laslier and  P icard  (2002), or Gross and W agner (1950)). T he independent 

com bination of th is n -variate  d istribu tion  w ith  the  construction  of the  k - v aria te  

d istribu tion  given above defines an n  +  /c-variate d istribu tion  function w ith  support 

on th e  set {^z^ } zEn  '\ I +  ICzejv, =  n |  th a t  generates the

equilibrium  m arginal d istribu tions in Theorem  2. Thus a  sufficient n  +  A>copula 

exists.

D ecentralized System

Since rij > 4 and even, we can use the  ‘d isk’ solution to  generate the  candi­

d a te s ’ d istribu tions of red istributive transfers. For th e  rij-variate m arginal d istribu­

tion  of Hi conditional on i,t = 0 w ith  th e  set of univariate m arginal d istribu tions 

{ F f \ i i  — 0} jseJV., consider a  regular rij-gon w ith  sides, z  €  { 1 , . . . , n j }, of length 

(2 — G j)  ta n  ( j j ) . Let Q be th e  center of th is regular rij-gon. T he diam eter of the 

circle inscribed in th is n-gon w ith  center fi is 2 — Gj.  Let S  be the  hem isphere of 

d iam eter 2 — G j  centered a t Q. Let M  be a po int random ly chosen from th e  sur­

face of S, according to  the  uniform  d istribu tion  on th e  surface of S. Let M '  be the  

pro jection  of M  on th e  plane th a t  contains th e  n-gon. Finally, let t z be the  d istance
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from  M '  to  the  side z  of the n-gon. T hen  random ly assign an  add itional transfer of 

Gj to  half of th e  voters in d istric t j .

C om bining th is construction for the  d istribu tion  of transfers conditional on not 

providing th e  local public good w ith  the  equilibrium  probability  of providing the  

local public good we have th e  following.

Proposition 4: Let H* denote the  rij + 1-variate d istribu tion  func­

tion  over j j r ,  { tz^ } zeN.} \inj + YhzeNj ~  n j}  induced by the  con­

struction  outlined above. Then, H* generates th e  equilibrium  univaria te 

m arginal d istribu tions in Theorem  3 and  a sufficient rij +  1-copula.

T he construction  of H* is a straightforw ard  extension of the  s tan d ard  construction  

of th e  ‘d isk’ solution (for a proof see Laslier (2002), Laslier and  P icard  (2002), or 

Gross and  W agner (1950)).

2.2.3 Centralization vs. D ecentralization

We now apply th e  equilibrium  characterizations of the  centralized and  decentral­

ized system s to  com pare th e  inequality  and inefficiency th a t  arise in each. Corollary 

1 exam ines th e  equilibrium  level of inequality  arising in the centralized system  and 

corollary 2 exam ines the  equilibrium  level of inequality arising in the  decentralized 

system . In the  centralized system , the  Lorenz curves for th e  p a rtie s’ centralized 

red istribu tive/local public goods schedules are piecewise q uadratic  functions th a t 

depend critically  on the  u tilities provided by each of the local public goods. To sim­

plify th is analysis, we will focus on the  case th a t  the  utilities provided by the  local 

public goods are th e  sam e for each jurisd iction, i.e. G j  — G  V j  €  { 1 , . . . ,  k}.

Corollary 1: For each p arty  i = A ,B ,  the  inequality  (as m easured by the 

Gini-coefficient of inequality) arising from  p a rty  i. s equilibrium  central­

ized red istribu tive/local public goods schedule is increasing in  th e  u tility  

provided by the  local public good, G,  for all efficient levels of th e  u tility  

provided by the  local public good. M ore precisely, the  Gini-coefficient of
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p arty  i's equilibrium  centralized red istribu tive/local public goods schedule

is C f  =  1 — G2(1+G) 6(1+G) ■

Proof: From  Theorem  2 and proposition 3, the  p roportion  of voters who 

receive a u tility  level from p arty  i ’s equilibrium  centralized red istribu­

tiv e /lo ca l public goods schedule th a t is less th an  or equal to  x is

I [0,1)

Q  (x ) =   ̂ 2 X € [1, G)

^ +  x 2G x € [G, G +  1]

By definition the  Lorenz curve for F t is

which is equivalent to

V e [0, \ )

1 , 1 ,1  { „  e  [ | ,  i]

B y definition, th e  Gini-coefficient for is

C f  (G) =  1 -  2 [  Li (x) dx.
J o

e

2(1+G) ~  6(1+G )' “  i 'Jlluvvo w la l' ~§GSimplifying we have C f  — 1 — 2/ i f n  ~  rTT+Tu- ^  follows th a t  f f r  >  0.

Q .E.D .

Similarly, in the  decentralized case we have the  following.

Corollary 2: For each p arty  i — A . B  and  each jurisdiction  j  6  {1 , . . . ,  k}, 

th e  inequality  (as m easured by th e  Gini-coefficient of inequality) arising 

from p arty  i ’s equilibrium  decentralized red istribu tive/local public goods 

schedule in jurisd iction  j  is decreasing in th e  u tility  provided by th e  local 

public good, Gj,  for 1 <  Gj < 2. If Gj > 2 th en  th e  local public good 

is provided w ith  certain ty  and there is no inequality. M ore precisely, for
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1 <  Gj <  2 th e  Gini-coefficient of p a rty  i ’s equilibrium  decentralized 

red istribu tive/local public goods schedule is C f  =  |  (2  +  Gj — Gj)

Proof: From  Theorem  3 and proposition  4, conditional on p a rty  i choosing 

to  no t provide th e  local public good in ju risd iction  j  th e  p roportion  of 

voters in jurisd iction  j  who receive a u tility  level from p a rty  i's equilibrium  

centralized red istribu tive/local public goods schedule th a t  is less th an  or 

equal to  x  is

X
2(2- G j )  X  ̂ 2 Gj)

F i j  (®| Li = 0) =  < I x 6 [2 - G j ,  Gj )

I 2 + 2(̂2- G j )  X  e

By definition th e  Lorenz curve for FhJ\it — 0 is 

which is equivalent to

L . n = /  V ~ G j ) y 2 y e [ 0 , i )

\  +  Gj ( y  -  | )  +  (2 -  Gj) ( y  -  | )  y e  [ | ,  l ]

By definition, th e  Gini-coefficient for — 0 is

C f  (Gj\n = 0 ) =  1 -  2 [  Li (x ) dx.
Jo

Simplifying we have C f  |/,; =  0 =  |  T hen  note th a t p a rty  i offers

th e  local public good w ith  probability  Gj — 1, and th a t  when the  public 

good is offered there  is no inequality. I t follows th a t  th e  unconditional 

Gini-coefficient is given by

C f =  I  (2 +  G j -  a ) )

and th a t <  0. Q .E.D .

N ote th a t  a t th e  point where production  of th e  local public goods becomes efficient, 

G  =  1, th e  inequalities in the  centralized and  decentralized system s are the  same. In

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

48

addition, th e  inequality  in the centralized system  is increasing in th e  u tility  provided 

by th e  local public goods, G,  while th e  inequality in th e  decentralized system  is 

decreasing in the  u tility  provided by the  local public good, Gj.  Thus, for all strongly 

efficient levels of u tility  provided by th e  local public goods, G > 1, the  inequality  

arising from th e  centralized system  is g reater th an  th a t in th e  decentralized system.

Corollary 3: For all strongly efficient levels of u tility  provided by th e  local 

public goods, G > 1, the  inequality arising from the centralized system  is 

g reater th a n  th a t  arising from th e  decentralized system.

In  b o th  th e  centralized and decentralized system s there  is ex an te  inefficiency 

in the  equilibrium  outcom es. However, from Theorem  2 each local public good is 

produced w ith  probability  \  in the  centralized system , while from Theorem  3 each 

local public good is produced w ith  probability  Gj — 1 in the  decentralized system . 

It follows th a t the  ex ante u tility  is higher in the  centralized system  if 1 <  G < |  

and higher in th e  decentralized system  if Gj > §.

Corollary 4: T he ex an te u tility  is higher in the  centralized system  if 

1 < G < |  and higher in the  decentralized system  if Gj  > | .

Thus, once th e  u tilities of the  local public goods are above a m inim al th reshold  then  

th e  decentralized system  is m ore efficient th a n  th e  decentralized system .

2.3 Conclusion

T his paper extends Laslier and  P ica rd ’s (2002) m odel of red istribu tive politics 

w ith  a  finite popu lation  of voters to  allow for centralized and decentralized red istribu­

tive com petition  w ith  local public goods and shows th a t  th is  highlights im portan t 

d istinctions betw een centralization  and  decentralization th a t  are absent from the  

trad itio n a l theo ry  of fiscal federalism. In equilibrium , th e  level of inequality  (as 

m easured by the  Gini-coefficient) arising from each p a r ty ’s red istribu tive/local pub­

lic goods schedule is higher in a  centralized system  th an  in a decentralized system . In

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

49

a  centralized system  the  level of inequality arising in each p a r ty ’s red istribu tive/local 

public goods schedule is increasing in th e  utilities provided by the  local public goods. 

Conversely, in a  decentralized system, the  level of inequality arising in each p a r ty ’s 

red istribu tive/local public goods schedule is decreasing in  the  u tilities provided by 

th e  local public goods. In addition, if the  u tilities provided by th e  local public goods 

are above a  m inim al threshold, then  centralization is also found to  create greater 

inefficiencies in th e  provision of the  local public good. However, th e  g reater inef­

ficiency and  inequality  of centralization is due to  the  ta rg e tab ility  of local public 

goods and  the  ability  to  share revenue across d istric ts and not to  in terjurisd ictional 

externalities or heterogeneities in the  p roduction  of or preferences for local public 

goods.
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2.5 Appendix

T he proof of uniqueness of the  equilibrium  univariate m arginal d istribu tions in 

T heorem  2, which is contained in the  following lemmas, establishes th a t  there  exists a 

one-to-one correspondence between th e  equilibrium  univariate m arginal d istribu tions 

of th e  u tilities th a t  result from any tax es/tran sfe rs  and the equilibrium  d istribu tions 

of bids from  a unique set of tw o-bidder independent and identical sim ultaneous all­

pay auctions. T he uniqueness of th e  equilibrium  univariate m arginal d istribu tions 

th en  follows from th e  characterization  of the  all-pay auction  by H illm an and Riley 

(1989) and Baye, Kovenock and  de Vries (1996). In the  discussion th a t  follows, sj 

is th e  upper bound of cand idate  i ’s d istribu tion  of transfers for d istric t j ,  and N  is 

the  set of all voters.

L em m a 1: In any equilibrium , {P~i, P-i} ,  < Gj V i  and z (j).

Proof: By way of contrad iction  suppose th a t  there exists an  equilibrium  in 

which SZ} J) >  Gj  for a t least one z ( j ) .  A feasible stra tegy  for cand ida te  B  

is to  play th e  equilibrium  described in Theorem  2. L etting  Z  denote th e  set 

of z (j ) for which > Gj,  the  vote share for candidate A, ka  is

^  = ; I t .  + i  T ,,m i  Jo’ liFP +

From  equation (2) in  P roposition  1 it follows th a t 

T hus after simplifying we have th a t

^<5-E E«-)«/1Gi(*-l)^.fl+
£ E.(,)e2 Jlf (-«> - (1 - A )  a, + 1) dFf> < I

T he argum ent for player B  is sym m etric. Q .E.D .
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From  P roposition  1 we know th a t  the  L agrangian of cand ida te  i ’s op tim ization  

problem  is

m ax

' I * J zeNj
k £  E L i  n i  (1 -  ocLi -  Aj) (4+

zeNi
oo

0
1 - Q - i - Q i + 2 Q - i Q i  T 'Z t i )  /  \ — f  ^  _  x dF,*U)

where the  set of un ivaria te m arginal d istribu tion  functions

k
L’

■eNi > j =l

satisfy th e  constra in t th a t  there  exists a n  +  fc-copula, C , such th a t  th e  support of 

the  n  +  fc-variate d istribu tion

k \
c

t J zeNj j j =\^

is contained in j | V ,  zeNj}  I E * = i ( iJni +  EzeNj  ^ (j))  =  n

T he next th ree  lem m as follow along th e  lines of the  proofs in Baye, Kovenock, 

and  de Vries (1996).

L e m m a  2: For each 2 (j)  G N , = s ẑ  =  sz^ .

L e m m a  3: In any equilibrium , {Pu P_»}, no F z^  can place an  atom  in the 

half open interval (0 ,

L e m m a  4: For each z (j)  G N  and for each i G {^4, £ } ,

1 aA aB+2 aAaB _  x  is constan t V x  G (0, .

T he following lem m a characterizes the  relationship between A^ and AB.
n ~ y ' k_ n.oP

L e m m a  5: In  equilibrium  A^ =  Ab 1 f  ■
n 2^j=injQA

P ro o f :  In  any equilibrium  each cand idate  m ust use their entire budget, 

thus
(„ „.i i v zz(j)eNj JoT . U  { " P a  + T . U W  J T  ld F P )

z(j )
= Ej=l ( n 3 a B  +  E z t f e N j  S r  x d F B  

= n

O') A 
1 J

(2.4)
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B ut, from lem m as 3 and  4, it  follows th a t for all z ( j )  £ N

d F ™  =  i-------r - T T T T T *  <2'5>l - a JA - a JB  +  2 a JA a JB

for all x  E (0 , s*b')j, and

dFB^ (x) = --------5------—j --------- —j-dx (2.6)
1 — a A — a B +  2a Aa B

for all x  E (0, sz^ ] . S ubstitu ting  equations 5 and 6 into equation  4 we have

Z U  +  Ab E * . ,  Z.U KH , C  -
'* _ -J  , X 1 r s‘U)

*A-aB+2 aAaB
T he resu lt follows immediately. Q.E.D.

T ! j = l  n j°^ B  +  A.4 E j= l  i - .a3 - J + 2 a \ a i  ^  x d x  n '

Since sz^  =  s z^  for all z (j)  and —z ( j ) £ Nj, we can define =  sz^ \  T he 

following Lem m a establishes th e  value of P .

Lemma 6: P — (l — odA — odB +  2oJAodB) x m in

Proof: From  lem m as 4 and 5, we know th a t  for each cand ida te  i and  voter 

z  (j)  in d istric t j

l - a JA - a JB +  2ajAa JB Fz{j) _  ^

X  1
is constan t V x £ (0, . It th en  follows th a t  cand idate  i would never use

a stra tegy  th a t  provides transfers in aB+2 aAaB ; since an  offer of

zero stric tly  dom inates such a strategy. T he result follows directly. Q .E.D .

T he following lem m a establishes th a t  a\  =  on V i and j .

Lemma 7: In  equilibrium , for each cand idate  i a \  =  a* V j .

Proof: From  th e  L agrangian of cand idate  f s  m axim ization problem  the 

first order condition w ith  respect to  aj  is

nj (1 - aLi - X ) +  E  H  + 2q̂ ) f  F l ^  &  dF^  = 0 M
0

From  Lem m as 3 and 4, and noting  th a t

r 3 ^  , _■ ^  ( ^ ') 2
/ F J_i (x) dx  =  SJ  ;--------■ i — j j-T,

Jo 2 ( l  -  oPA -  oPB +  2 a Aa B)
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equation  7 can be w ritten  as

rij ( l  -  d i i  -  Ai)

x ' ( s j ) 2 \  (  A =  0
2(1- “A-Q,B+2ad ai )  )  \ 1- aA-aB+2°J/laB/

From  Lem m a 6 , we can assume, w ithout loss of generality, th a t  P  = 

1 °a ° e +2ttAttB y  j_ Thus equation  (7) becomes

r i j  (1 -  oP_i -  Ai )  +  r i j  ( - 1  +  2 a J_ i ) ^ 1  -  =  0. (2.8)

T he result follows directly  from the  fact th a t  equation (8 ) holds for all j .  

Q.E.D.

L em m a 8 : For each candidate  i. there exists a unique value for A,;.

Proof: By sym m etry  of th e  parties payoffs and  from Lem m as 5 and  7 we 

have th a t

(1  O —,) Oil T  (1  OL—i Qti F  2O —,0 ^ )  ^1  2(1—c*,)^

(1 Clj) Qt—x T  (1 Ot—i O , +  2 0 —10;,;) ^ 2(1—a i ) )

It follows directly  a,; =  a_ ,: =  | .

From  equation (8 ) it follows th a t A,: =  | .  Q .E.D .

This com pletes the  proof of Theorem  2.

+r i j  ( - 1  +  2 a j_ x )
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3. Electoral Poaching and Party Identification 

Joint Work with Dan Kovenock

In  th e  m odel of redistribu tive politics, political parties com pete for represen ta tion  in 

a  legislature by sim ultaneously announcing binding com m itm ents as to  how th ey  will 

allocate a budget across voters. Each voter votes for the p arty  offering th e  highest 

level of utility, and  each p a r ty ’s payoff is its represen tation  in the  legislature, which 

under p roportional representa tion  is equal to  th e  fraction of votes received by th a t  

party. O riginally form ulated by M yerson (1993), the  m odel has served as a funda­

m ental too l in  the  analysis of electoral com petition. In  recent years, the  m odel has 

a ttra c te d  renewed in terest th rough  its application to  the  study  of the  inequality  cre­

a ted  by political com petition  (Laslier (2002), Laslier and P icard  (2002)), incentives 

for generating budget deficits (Lizzeri (2002)), inefficiency of public good provision 

(Lizzeri and  Persico (2001,2002)), and cam paign spending regulation  (Sahuguet and 

Persico (2004)).

T his paper extends the  m odel of redistribu tive politics to  allow for heterogeneous 

voter loyalties to  political parties and  shows th a t th is has im p o rtan t im plications for 

th e  n a tu re  of red istribu tive com petition. Voters are distinguished by the  p a rty  w ith 

which th ey  identify, if any, and the  in tensity  of their a ttachm ent, or “loyalty,” to  

th a t  party. We assum e th a t  parties are able to  perfectly d iscrim inate across voters 

by th e ir p a rty  affiliation and th e  in tensity  of their a ttachm en t (including the  set of 

“swing voters” who have no attachm en t to  either party). P arties com pete by si­

m ultaneously announcing offer d istribu tions to  each of the  identified voter segments. 

W hen in teg ra ted  over all segm ents, each p a r ty ’s offer d istribu tions m ust satisfy a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

56

com m on aggregate budget co n stra in t .1 As in Myerson, each voter is assum ed to  

vote (sincerely) for th e  p arty  th a t  offers th e  higher level of u tility  which, in our 

m odel, reflects b o th  th e  transfer offered and th e  v o ter’s loyalty.

We com pletely characterize the  unique N ash equilibrium  of th is  m odel and, ex­

plore its  qualita tive natu re . In  equilibrium , w ith in  any given voter segm ent, the 

expected transfers from th e  two p artie s’ offer d istribu tions are identical. However, 

we find th a t  voters pay a  price for being loyal to  a  party. For a  given d istribu tion  

of vo ters’ a ttachm en ts to  political parties, th e  expected transfer th a t  voters receive 

is s tric tly  decreasing in the  vo ters’ intensity  of a ttachm en t (regardless of p a r ty  affil­

iation) . T his m onotonicity  of transfers also tran sla tes into a  m onotonicity  of utility. 

A lthough th e  expected u tility  provided by a  p a r ty ’s red istribu tion  schedule is iden­

tical for all of its loyal voter segm ents and equal to  the expected u tility  th a t  the 

swing voters receive from each p a r ty ’s red istribu tion  schedule, the  expected u tility  

th a t  a p a r ty ’s loyal voters receive from the opposition p a r ty ’s red istribu tion  schedule 

is decreasing in th e  vo ters’ level of a ttachm ent.

Moreover, we find th a t  the  parties have an  incentive to  ta rg e t or “poach” a subset 

of th e  opposition p a r ty ’s loyal voters, in an  effort to  induce those voters to  vote 

against their party. By “poaching” we m ean a stra tegy  of ta rg e tin g  each segm ent 

of th e  opposition p a r ty ’s loyal voters w ith  a red istribu tion  schedule th a t  “freezes 

o u t” a po rtion  of th e  segm ent w ith  a  zero transfer, bu t gives the  rem aining voters in 

the  segm ent non-zero transfers which are higher in expectation  th an  th e  opposition 

p a r ty ’s offers to  the  sam e segm ent. T his cap tures th e  notion th a t  a p a rty  m ay try  to  

selectively induce a s tric t subset of the  opposition’s loyal voters to  defect by offering 

them  a  higher transfer.

*As in Myerson (1993) each offer distribution is a probability distribution over the nonnegative 
real numbers with the measure over each interval interpreted as the fraction of the particular 
loyal voter segment for whom the party’s transfer has value in that interval. Since we assume a 
continuum of voters in each segment and offers that are independent across voters (each voter takes 
an independent draw from the offer distribution) we may appeal to Judd (1985) in assuming that 
the aggregate budget constraint holds with probability one and not just in expectation.
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To facilita te  our analysis we also construct a n a tu ra l m easure of “p arty  s tren g th ” 

based on b o th  the  sizes and intensities of a p a r ty ’s loyal voter segm ents and show 

how p a rty  behavior varies w ith  the  two p artie s’ strengths. We dem onstra te  th a t  each 

p a r ty ’s vote share is increasing (decreasing) in its own (opponent’s) p a rty  strength . 

We also find th a t  as th e  opposition p a r ty ’s s treng th  increases, a  p a r ty ’s equilibrium  

red istribu tion  schedule freezes out a larger set of the  opposition’s loyal voters and 

gives a higher expected transfer to  those no t frozen out. T he p a r ty ’s own loyal 

voter segm ents also receive a higher expected transfer. A lthough it is no t obvious 

from  these effects, th e  level of inequality (as m easured by th e  Gini-coefficient) in a 

p a r ty ’s equilibrium  red istribu tion  schedule is also increasing in th e  opposition p a r ty ’s 

strength .

As is com m on in m odels of electoral com petition, th e  policy im plem ented by 

th e  legislature is assum ed to  be a probabilistic com prom ise of th e  p artie s’ equilib­

rium  red istribu tion  schedules. T he probability  th a t  a p a r ty ’s schedule is adop ted  is 

p roportional to  th e  size of its legislative contingent.2 From the  characterization  of 

equilibrium  described above, it im m ediately follows th a t for a given d istribu tion  of 

vo ters’ a ttachm en ts to  the political parties, the  equilibrium  expected transfers and 

resulting  expected u tilities from the  im plem ented policy are highest for swing voters 

and  stric tly  decreasing in th e  in tensity  of a ttac h m e n t .3 Moreover, defining th e  “level 

of partisansh ip” as th e  sum  of th e  p a rtie s’ strengths, we find th a t  partisansh ip  pre­

serving transfo rm ations of the  electorate th a t  increase the s tren g th  of p a rty  i a t the 

expense of p a rty  —i result in p arty  i's loyal voters receiving higher expected utilities 

and  p a rty  —i's loyal voters receiving lower expected utilities from the  im plem ented 

policy.

2This interpretation is due to Grossman and Helpman (1996). Probabilistic compromise can also 
be viewed as a system under which each party distributes a fraction of the budget, proportional to 
its representation in the legislature, according to its announced schedule. This approach is taken 
in Myerson (1993).
3For expected transfers this result holds regardless of party affiliation; for expected utilities it holds 
within each party.
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We also develop a m easure of “political polarization” th a t  is increasing in  the 

sum  and sym m etry  of the  p arties’ s treng ths and  show th a t  the  expected ex-post 

inequality  in u tilities (as m easured by the  expected Gini-coefficient) under th e  im­

plem ented policy is increasing in political polarization. In  particu lar, partisanship  

preserving transfo rm ations of th e  electorate th a t  decrease th e  difference in th e  p a r­

ties’ s treng ths increase the  expected ex-post inequality  in u tilities of th e  im plem ented 

policy. Hence, for a given level of partisansh ip , the  expected ex-post inequality  in 

utilities is m axim ized when the  parties are of equal strength . In  addition , holding 

constan t th e  difference in th e  p artie s’ strengths, the  expected ex-post inequality  in 

u tilities increases as th e  level of partisansh ip  increases. T h a t is, higher levels of 

partisansh ip  and  more sym m etry  in th e  p arties’ s treng ths generate inequality.

Two re la ted  papers are Laslier (2002) and D ixit and Londregan (1996). Laslier 

(2 0 0 2 ) exam ines the  issue of ty ranny  of the  m ajority 4 in a m odel of redistributive 

politics w ith  a segm ented hom ogeneous electorate and intra-segm ent hom ogeneity 

in a  p a r ty ’s offers. T h a t is, w ith in  each voter segm ent, a p a r ty ’s offer d istribu tion  is 

assum ed to  be degenerate w ith all m ass on th e  fixed offer for th a t  segm ent (although 

offers m ay vary across segm ents). In th is  context, Laslier finds th a t there is no 

ty ranny  of th e  m ajo rity  as long as there does no t exist a segm ent th a t  contains over 

half of th e  voters. However, if any segm ent contains over half of th e  voters, each 

p a rty  uses its entire budget on th a t  segm ent, thereby freezing ou t th e  rem aining 

voters.

O ur m odel extends th e  Laslier m odel in two ways. F irst, we allow for a heteroge­

neous electorate, partitioned  into d istinct segm ents of homogeneous voters. Second, 

we allow for in tra-segm ent heterogeneity in a  p a r ty ’s offers, as represented by the 

(general, non-decreasing) segm ent specific offer d istributions. Since our m odel as­

4Tocqueville describes tyranny of the majority as follows,
“For what is a majority taken collectively if not an individual with opinions and, more 
often than not, interests contrary to those of another individual known as the minority.
Now, if you are willing to concede that a man to whom omnipotence has been granted 
can abuse it to the detriment of his adversaries, why will you not concede that the same 
may be true of a majority?” (pp. 288-289)
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sum es th a t the  im plem ented policy is a probabilistic com prom ise of the  p artie s’ 

red istribu tion  schedules, a  n a tu ra l analogue of “tyranny  of th e  m ajo rity” is th e  de­

gree to  which the  im plem ented policy tyrannizes a m inority  by driving them  down to 

th e ir reservation u tility  level. In  our m odel th is  arises when the  im plem ented policy 

freezes o u t voters by giving them  an  ex-post transfer of zero .5 Indeed, under our 

assum ption th a t  the  probability  th a t a p a r ty ’s schedule is adopted  is equal to  the  

size of its  vote share, th e  expected m easure of the  set of voters receiving a transfer 

of zero under the  im plem ented policy is p roportional to  our m easure of polarization. 

T h a t is, polarization leads to tyranny . 6

D ixit and  Londregan (1996, Henceforth D-L) is perhaps closest to  our paper in 

focus. B oth  papers assum e voters derive u tility  from red istribu tion  and p a rty  iden­

tification. B o th  assum e a  heterogeneous electorate, partitioned  into d istinct voter 

segm ents. W hile D-L assum e a non-degenerate d istribu tion  of voter a ttachm en ts 

w ith in  each segm ent (represented by a  segment-specific density), in our m odel, vo t­

ers w ithin a given segm ent are homogeneous, corresponding to  perfect d iscrim ination 

by p arty  affiliation and  in tensity  of attachm en t. Moreover, like Laslier, D-L assum e 

intra-segm ent hom ogeneity in a  p a r ty ’s offers. T h a t is, w ithin each voter segm ent, a 

p a r ty ’s offer d istribu tion  is assum ed to  be degenerate w ith all m ass on th e  fixed offer 

for th a t  segm ent. This, together w ith  intra-segm ent heterogeneity  of voters, pre­

cludes the  ability  to  directly  ta rg e t voters by in tensity  of a ttachm ent. In contrast, 

our m odel allows for intra-segm ent heterogeneity  in a p a r ty ’s offers, as represented by

5An alternative interpretation of tyranny of the majority refers to an outcome in which a major­
ity receives a higher utility than some designated minority. In the equilibrium in our model, the 
expected utility, conditional on receiving a positive transfer in the implemented policy, is identical 
for all voters. Hence, among voters not frozen out there is a form of (conditional) equal treatment. 
However, within each party, the greater a voter’s intensity of attachment, the lower his expected 
utility from the implemented policy. This arises because parties never freeze out their own loyal vot­
ers and the probability that a party’s offer distribution freezes out an opposition voter is increasing 
in that voter’s attachment.
6This formulation of tyranny would not apply to Myerson’s interpretation of probabilistic compro­
mise as a system under which each party distributes a fraction of the budget, proportional to its 
representation in the legislature, according to its announced schedule. Under this interpretation, 
no voters w ould be frozen out ex  p ost in the im plem ented policy. H owever, under th e  im plem ented  
policy the unequal treatment (in utilities) of the more loyal voter segments within each party would 
continue to hold.
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a (general, non-decreasing) segm ent specific offer d istribu tion . Hence, in our model, 

no t only are parties able to  directly  ta rg e t voters by p arty  affiliation and  intensity  

of a ttach m en t, th ey  are also able to  (anonym ously) offer discrim inate across voters 

w ith in  a given segment.

In section 2 we present the  m odel and characterize the unique N ash equilibrium  

of th e  gam e of red istribu tive politics w ith  p a r ty  identification. Section 3 explores 

th e  qualita tive n a tu re  of th e  equilibrium  and presents com parative sta tics results 

w ith  respect to  changes in m easures of p a rty  streng th , partisanship , and  political 

polarization . Section 4 concludes.

3 .1  T h e  M o d e l  

P o li t i c a l  P a r t i e s  a n d  th e  L e g is la tu re

O ur m odel extends M yerson’s (1993) tw o-party  m odel of red istribu tive com petition  

by including heterogeneous voter loyalties to  political parties. Two parties, A  and 

B,  m ake sim ultaneous offers to  each of a  continuum  of voters of un it m easure. Each 

voter votes for th e  p a rty  offering th e  higher level of utility, and  each p a r ty ’s payoff 

is its  represen ta tion  in the  legislature, which under proportional represen ta tion  is 

equal to  th e  fraction of votes received by th a t  party . All offers m ust be nonnegative 

and  each p arty  has a budget of 1 , which corresponds to  1 un it of a hom ogeneous 

good per voter. P arties  are assum ed to  have com plete inform ation regarding the 

p arty  preferences of all voters. W hile th is  is a stylized assum ption, th is  is no t an 

unreasonable benchm ark given the  high level of organization of m odern  political 

p a rtie s .7

As is com m only assum ed in th e  lite ra tu re  on electoral com petition, the  legislature

im plem ents a  policy th a t  is a probabilistic com prom ise of the  p a rtie s’ red istribu tion

schedules. T he policy th a t  the  legislature im plem ents is a random  variable which

7See for example PBS (2004) which discusses the high level of information that national political 
parties have access to and use to target voters.
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takes on p arty  A ’s equilibrium  red istribu tion  schedule w ith  p robability  equal to  p arty  

A ’s equilibrium  vote share and  takes on p arty  B ’s equilibrium  red istribu tion  schedule 

w ith  probability  equal to  p arty  B ’s equilibrium  vote share.

D e f in it io n :  T he implemented policy is a random  variable th a t  takes on 

p a rty  A ’s equilibrium  red istribu tion  schedule w ith  probability  equal to  p arty  

A ’s vote share and  p arty  B ’s equilibrium  red istribu tion  schedule w ith  prob­

ability  equal to  p arty  B ’s equilibrium  vote share.

Voters are distinguished by the p a rty  w ith  which they  identify, if any, and  th e  in ten­

sity of their a ttach m en t to  th a t party. In th is paper, we consider only d istribu tions of 

vo ters’ a ttachm en ts to  the  political parties w ith  support on a  finite set of intensities

good th a t  p arty  i m ust offer a  loyal voter in its own loyal segm ent j  in order to  make 

th a t  vo ter indifferent betw een the  two parties when p arty  —i offers one u n it of the  

hom ogeneous good .8 Thus, the  u tility  th a t  each loyal voter in p a rty  i ’s segm ent j

P arty  A ’s loyal voters have a  finite num ber, u a , of different intensities of a ttachm en t. 

Let A  be the  set of all indices of intensity  of attachm en t for voters loyal to  p arty  

A. Each index of in tensity  j  € A  corresponds to  a  segm ent of voters w ith  in tensity

12j£Am J- Similarly, p a rty  B ’s loyal voters have a  finite num ber, n g , of different

intensities of a ttachm en t. Let B  be the  set of all indices of in tensity  of a ttachm en t

8Thls type of effectiveness advantage originates, to the best of our knowledge, with Lein (1990) 
and is frequently used in the literature on unfair contests (see for instance: Clark and Riis (2000), 
Konrad (2002), and Sahuguet and Persico (2004)).

V o te r s

of a ttachm en t. Let 6 f €  (0 ,1) represent the  num ber of un its of th e  hom ogeneous

receives from an  offer of x A from p arty  A  is

Define aj — 1 — to  be the  intensity  of a ttachm en t of p arty  i ’s loyal voter segm ent j .

of a ttach m en t cr  ̂ and  m easure m j > 0. The size of party A  is denoted by M a —
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for voters loyal to  p arty  B,  where A  and B  are disjoint sets. Each index of intensity  

k e  B  corresponds to  a segm ent of voters w ith  intensity  of a ttachm en t a#  and 

m easure >  0. T he size of party B  is denoted by M b  = YLkeBm k- There are also 

swing voters who do no t identify w ith  either party. L etting  S  be th e  index for no 

a ttach m en t to  either party, th e  u tility  th a t  each swing voter receives from  an offer 

of xJ from p arty  j  is

ils (x^) = fo r  j  — A, B

T he m easure of swing voters is rtis =  1 — M A — M b > 0. To sum m arize 

a>A}j€A , {mfc. a ^ } / eB|  is a feasible d istribu tion  of vo ters’ a ttach m en ts to  the  

political parties if n A and n #  are finite, M A +  M b  <  1, and m 3  >  0 for all j  6  A U B .

Each voter votes for th e  p a r ty  th a t provides them  the higher utility. T hus each 

swing voter votes for the  p arty  th a t makes them  the  higher transfer, while each loyal 

voter requires a proportionally  higher transfer from the rival p a rty  in order to  induce 

him  to  cross over. R epresentation in the  legislature is allocated proportionally . Thus, 

we norm alize each p a r ty ’s representa tion  in th e  legislature to  be equal to  th e  fraction 

of the  votes received by th a t party.

One simple yet im p o rtan t sum m ary s ta tis tic  of a p a r ty ’s d istribu tion  of loyal 

voters is th e  sum  across segm ents of each segm ent’s intensity  of a ttach m en t weighted 

by th e  m easure of the  set of voters in th a t  segment.

D e f in it io n :  T he strength of party A  is denoted by oA = J2 jeA m j aA- The 

strength of party B  is denoted by a s  = YlkeBm kaB 

Several properties of th is sum m ary sta tis tic  should be noted. F irst, holding constan t 

th e  size of each of a p a r ty ’s loyal segments, the  p a r ty ’s stren g th  is stric tly  increasing 

in th e  in tensity  of th e  a ttach m en t of any of these segments. Second, holding constan t 

the  in tensity  of a ttach m en t of each of its loyal segments, th e  p a r ty ’s s tren g th  is 

stric tly  increasing in the  size of each of these segments. Finally, holding constan t 

a p a r ty ’s size, th e  p a r ty ’s s treng th  is stric tly  increasing as loyal voters shift from 

weaker intensities of a ttachm en t to  stronger intensities of a ttachm ent.
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Given the  p a rtie s’ strengths, a a and aB, it is useful to  derive two sim ple m easures 

for th e  d istribu tion  of vo ters’ a ttachm en ts to  the  political parties.

D e f in it io n :  T he level of partisanship is th e  sum  of th e  p a rtie s’ strengths, 

which is denoted by a  =  <7,4 +  aB.

D e fin it io n :  T he effective strength of party i is denoted by <7,- =  a* — cm,.

T he level of partisansh ip  is the  sum  across the  entire electorate of each segm ent’s 

in tensity  of attachm en t, to  either party, weighted by the m easure of the  set of voters 

in th a t  segm ent. T he properties of the  level of partisanship  are sim ilar to  those of 

th e  p artie s’ strengths. Holding constan t the  size of each loyal segm ent, the  level of 

partisansh ip  is s tric tly  increasing in the  in tensity  of attachm en t of each segment. 

In addition, the  level of partisansh ip  is stric tly  increasing as loyal voters shift from 

weaker intensities of a ttach m en t to  stronger intensities of a ttach m en t or as swing 

voters become affiliated w ith  a political party. T he effective s tren g th  of p a rty  i 

m easures the  asym m etry  between p a rty  i and  p arty  —i. If th e  parties have sym m etric 

s treng ths th en  each p a rty  has an effective stren g th  of 0 .

R e d i s t r ib u t iv e  C o m p e t i t io n

A strategy, which we label a  redistributive schedule (or offer distribution), for p arty  i 

is a set of cum ulative d istribu tion  functions ,9 j'jg^usuB) one d istribu tion  function 

for each segm ent j  & A  of voters loyal to  p arty  A, the segm ent of swing voters S, 

and each segm ent k  £ B  of voters loyal to  p arty  B. As in M yerson (1993) each F- (x) 

denotes th e  fraction of voters in segm ent j  whom p a rty  i will offer a  transfer less th an  

or equal to  x. T he only restric tions th a t  are placed on the  set of feasible strateg ies is 

th a t  each offer m ust be nonnegative and  th e  set of cum ulative d istrib u tio n  functions 

m ust satisfy th e  budget constraint:

9In this case the focus is on the distributions within each segment (marginal distributions) rather 
than an n-variate joint distribution. As discussed in the appendix, an n-variate joint distribution 
is trivial to obtain and adds nothing to the problem analyzed here.

jeA usue
(3.1)
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Redistributive competition is the  one-shot game, which we label

G ({{rrij, aJA}j e A , { m k, a | } fc6S} )

in which parties com pete for represen tation  in the  legislature by sim ultaneously 

announcing redistribu tive schedules, sub ject to  a  budget constrain t.

O p t im a l  S tr a te g ie s

T he following theorem  characterizes the  equilibrium  of the red istribu tive com petition  

game.

T h e o r e m  1: T he unique N ash equilibrium  of the  redistribu tive com petition 

gam e G  ̂j {m j , (dA}j€ A , {m*,, O s}fceB} )  is for each p arty  i to  choose offers 

according to  the  following d istributions. For p arty  A

where z — ■ In equilibrium , p arty  j4’s share of th e  vote is

P ro o f :  We begin by showing th a t  th is  is an  equilibrium . F irst, th is  is a 

feasible s tra teg y  since:

V j  €  A  F \  (x) = ^ 3-y x- G [0 ,2 (1 -  < ) ]

F%(x) =  f  x e [ 0 , z ]

V k e B  F% (x) = akB + (1 -  a%) f  x  G [0, z ] .

x  G [0, z]

Sim ilarly for p a rty  B

V k e B  F%(x) = - ^ r )  * e [ 0 , z ( l - a £ ) ]

F§  (x ) =  f  x e  [o, 2 ]

V j  €  A  F Jg (x) =  a3A +  (1  -  aJA) f  x G [0, z ] ,

x  G [0, 2 ]

1±°a _  i+o-A trg anci p a rty  £Ts share of th e  vote is 2

jeAuSuB
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T hen  given th a t  p a rty  B  is following the  equilibrium  strategy, th e  vote 

share irA (•) for p a rty  A, when it chooses to  provide transfers according to  

an  a rb itra ry  stra tegy  { F JA} jeAuSuB is:

 ̂({ft ̂  r  n (a) w
+ m s f 0°° F§ (x) dF% (x )

+  E fces m k f 0°° Fb M )  dF% (x)

Since it is never a best response for p a rty  A  to  provide offers outside the  

su pport of p a rty  B ’s offers, we have:

( V i  u„) = i "b /o(“ '4) z i A  M
+  E /e - 4 m i°A +  i f  fo x dFA (x) 

+ lz 'Ek€Bm k lo xdFA (x)

B ut from the  budget constra in t given in equation  (1) it follows th a t

j € A

which holds w ith  equality  if { F JA} j€AuSuB is the  equilibrium  strategy. Thus 

p arty  A ’s vote share cannot be increased by deviating to  ano ther strategy. 

T he argum ent for p arty  B  is sym m etric.

In  the  appendix, th e  strateg ic  equivalence between tw o-party  games of re­

distribu tive politics w ith  segm ented voters and  independent sim ultaneous 

tw o-bidder all-pay auctions is established. T he proof of uniqueness th en  fol­

lows from  th e  argum ents appearing  in Baye, Kovenock and de Vries (1996). 

Q .E.D .

T he following exam ple illustra tes the  key features of Theorem  1.

Example: Assume th a t there are only two types of voters: voters loyal 

to  p a rty  A  and voters loyal to  p arty  B. Let m A = | ,  ola — tub = §, 

and  as = §• P a rty  A ’s and p arty  B ’s s treng ths are aA — \  Q )  =  |  and 

— |  ( | )  — respectively. P a rty  A ’s and  p arty  B ’s equilibrium  vote
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shares are = 1+1M -CTg =  |  and = x+°b - ° a — respectively. The 

transfers and  resulting  utilities from th e  unique equilibrium  red istribu tion  

schedules given by Theorem  1 are shown in Figure 1 below. As p a rty  —i ’s 

loyal vo ters’ in tensity  of a ttachm ent, a_j, increases, p a rty  i freezes ou t a 

larger proportion  of —i ’s loyal voters w ith  a zero transfer. T his is represented 

graphically  in F igure 1(a) and 1(b) as shift up of F~l (0) — a_j.

x
z ( l - a » )  ^

P a rty  i ’s Loyal Voters

2

P arty  - i’s Loyal Voters

Figure 1(a): Transfers from P arty  i’s Equilibrium  R edistribu tion  Schedule

x l-o*

P a rty  - i ’s Loyal V oters P arty  i ’s L oyal V oters

Figure 1(b): U tilities from P arty  i ’s Equilibrium  R edistribu tion  Schedule
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N ote th a t , each p a r ty ’s equilibrium  vote share is increasing (decreasing) in its 

own (opponent’s) p a r ty  streng th . P a rty  identification also creates an  incentive for 

parties to  utilize a poaching stra tegy  which freezes ou t a po rtion  of the  opposition’s 

loyal voters w ith  a zero transfer, b u t gives the  rem aining opposition voters non­

zero transfers which are higher in expectation  th an  the  opposition p a r ty ’s offers. A 

sim ilar poaching effect has been addressed in th e  industrial o rganization lite ra tu re  

on b rand  loyalty and  brand  switching. For example, Fudenberg and T irole (2000) 10 

exam ine a  duopoly m odel of b rand  loyalty and brand  sw itching where firms try  

to  poach th e  com petito r’s loyal consum ers. T he electoral poaching exam ined here 

differs from Fudenberg and T irole (2000) in th a t  th e  focus is on red istribu tion  ra ther 

th a n  sho rt-term  versus long-term  contracts.

3.2 Transformations of the E lectorate

We now apply Theorem  1 to  explore the  qualita tive n a tu re  of th e  equilibrium  

and  present com parative statics results w ith  respect to  changes in m easures of party  

streng th , partisansh ip , and  political polarization. We begin w ith  the  n a tu re  of the 

equilibrium  for a  given d istribu tion  of voter a ttachm ents. In red istribu tive com­

petitio n  w ith  heterogeneous voter loyalties, each p arty  announces a d istribu tion  of 

offers for each segm ent of the  electorate. In th e  discussion th a t  follows we refer to  

th e  expectation  of a  p a r ty ’s equilibrium  d istribu tion  of offers over a segm ent as th a t  

segm ent’s equilibrium  expected transfer from the  p a r ty ’s red istribu tion  schedule. A 

segm ent’s equilibrium  expected u tility  from th e  p a r ty ’s red istribu tion  schedule is sim­

ilarly  defined, as are b o th  th e  equilibrium  transfer and  u tility  from th e  im plem ented 

policy.

D espite the  fact th a t  from Theorem  1 th e  p artie s’ equilibrium  redistribu tive 

schedules differ in all segm ents of loyal voters, for each segment, the  expected transfer 

from each party, and thus from th e  im plem ented policy, is th e  same. Furtherm ore,

10See also Lee (1997).
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for a given d istribu tion  of vo ters’ a ttachm en ts to  the  political parties, the  expected 

transfers are highest for the  swing segm ent and  are stric tly  decreasing in th e  in ten­

sity of a ttach m en t to  a party. Thus, voters w ith  the  highest in tensity  of a ttachm en t 

receive the  lowest expected transfers and swing voters receive the  highest expected 

transfers. However, the  poaching strategies utilized by the  parties freeze ou t a por­

tion  of the  opposition p a r ty ’s loyal voters w ith  a zero transfer, and  offer th e  rem aining 

portion  of th e  opposition p a r ty ’s loyal voters non-zero transfers which are higher in 

expectation  th an  th e  opposition p a r ty ’s transfers. For each segm ent, conditional on 

receiving a  positive transfer from the  opposition p arty  the  expected transfer from 

th e  opposition p arty  is equal to  the  expected transfer of th e  swing segm ent. 

Corollary 1: W ith in  any given voter segm ent, the  expected transfers from 

th e  two parties are identical. For a given d istribu tion  of vo ters’ a ttachm en ts 

to  the  political parties, the expected transfers are stric tly  decreasing in 

th e  in tensity  of a ttachm en t (regardless of p a rty  affiliation). C onditional on 

receiving a  positive transfer from the  opposition party, w ith in  each loyal 

voter segm ent the  expected transfer from the  opposition p a rty  is equal to 

th a t  of th e  swing voter segment.

Proof: From  Theorem  1 the  swing voters equilibrium  expected transfer 

from  each p a rty  and from the im plem ented policy E s  (•) is

E s  ({{m ,-, je A , { m k, a | } fceB} )  =  ^

Similarly, for each segm ent j  G A  of p a rty  T ’s loyal voters th e  equilibrium  

expected transfer from each p arty  and from th e  im plem ented policy E i  (•) 

is

Ej

C onditional on receiving a positive transfer from p arty  B,  for each segm ent 

j  €  A  of p arty  A ’s loyal voters the equilibrium  expected transfer from party  

B  E {  (•) is

E {  ({{n?.j, a^} je A , { m k, as}fcge}) =  r b
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T he argum ent for voters loyal to  p arty  B  is sym m etric. Q .E.D .

T he swing voter segm ent is th e  m ost contested segm ent since neither p a rty  has 

an  advantage, and, thus, the  equilibrium  transfers are the  highest in th is  segment. 

T he presence of voter loyalties to  th e  political parties creates an  incentive for the  

parties to  ta rg e t or poach a subset of the  opposition p a r ty ’s loyal voters. However, 

as a segm ent’s in tensity  of a ttachm en t increases it becomes m ore difficult for the  

opposition p a rty  to  induce a voter in th a t  segm ent to  vote against th e ir party. Thus, 

th e  p roportion  of a segm ent’s loyal voters th a t  the  opposition p arty  ta rg e ts  w ith  

non-zero transfers is decreasing in the  in tensity  of a ttachm ent. As th e  more a ttached  

segm ents are ta rg e ted  less by the  opposition, th e  affiliated p a rty  optim ally  diverts 

resources away from its m ost a ttached  loyal voter segm ents to  the  o ther segments. 

This result is independent of th e  m easures of th e  segm ents and  the  p artie s’ strengths.

O ne difference between our results on expected transfers and  th e  analysis of the  

resulting  u tilities is th a t  for loyal voters the  expected utilities from  th e  affiliated 

p a r ty ’s red istribu tion  schedule are higher th an  th e  unconditional expected utilities 

from the  opposition p a r ty ’s red istribu tion  schedule. In fact, th e  expected u tility  th a t  

each segm ent of loyal voters receives from th e  affiliated p a r ty ’s red istribu tion  schedule 

is equal to  th e  expected u tility  th a t  th e  swing voters receive from either p a r ty ’s 

red istribu tion  schedule. In addition, conditional on receiving a positive transfer, the  

expected u tility  th a t  each subset of loyal voters receives from th e  opposition p a r ty ’s 

red istribu tion  schedule is also equal to  the  expected u tility  th a t  th e  swing voters 

receive. Thus, since the  proportion  of a segm ent’s loyal voters th a t  is ta rg e ted  w ith 

non-zero transfers is decreasing in the  in tensity  of attachm en t, the  unconditional 

expected u tility  th a t  each segm ent of loyal vo ters’ receives from th e  opposition p a r ty ’s 

red istribu tion  schedule is s tric tly  decreasing in the  intensity  of attachm en t.

Corollary 2: For all loyal voter segments, th e  expected u tility  from the  

affiliated p a r ty ’s red istribu tion  schedule and  th e  expected u tility  conditional 

on receiving a positive transfer from the  opposition p a r ty ’s red istribu tion  

schedule are identical and equal to  th e  expected u tility  th a t  th e  swing voters
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receive from either p a r ty ’s red istribu tion  schedule. For a given d istribu tion  

of vo ters’ a ttach m en ts to  the  political parties, loyal vo ters’ unconditional 

expected u tilities from the  opposition p a r ty ’s red istribu tion  schedule are 

s tric tly  decreasing in the  in tensity  of a ttachm ent.

Proof: We present th e  argum ent for p a rty  r i ’s loyal segm ents. T he ar­

gum ent for p a rty  B ’s segm ents is sym m etric. From  T heorem  1, for each 

segm ent j  €  A  of p a rty  r i ’s loyal voters th e  equilibrium  expected u tility  

from  p arty  A, and the  expected u tility  conditional on receiving a positive 

transfer from p a rty  B, EU ^  (•) and  E U JB+ (•) respectively, are

e e a ( { { m ^ a i } . ^ ,  =

e e b + ( { { m B * A } jeA '  {mfc’ as } * eB} )  =  i b  

From  Corollary 1, th is is equal to  the  expected u tility  for swing voters,

E U S =  E s .

T he second p a rt of th e  corollary follows from the  fact th a t  for each segm ent 

j  £ A  of p a rty  A ’s loyal voters the  equilibrium  unconditional expected 

u tility  from th e  opposition p a r ty ’s red istribu tion  schedule, EU B (•), is

e U3b  ({{™ri aA} j eA > {™*> * l U )  = E i  = T ^

Q.E.D.

In  fact, the  equivalence between loyal vo ters’ utilities from th e  affiliated p a r ty ’s 

red istribu tion  schedule, the  targe ted  loyal vo ters’ utilities from th e  opposition  p a r ty ’s 

red istribu tion  schedule, and  the  swing voters u tilities from b o th  schedules is stronger 

th a n  sta ted . T he d istribu tion  of loyal vo ters’ u tilities from th e  affiliated party, the  

d istribu tion  of ta rg e ted  loyal vo ters’ u tilities from the  opposition party, and  the 

d istribu tions of swing voters u tilities from b o th  parties are identical.

Given these sta tic  properties of the  equilibrium  transfers and resulting  utilities we 

now exam ine com parative sta tics w ith  respect to  transform ations of th e  electorate. 

We will focus m ainly on two simple transform ations of the  electorate. T he first, 

a partisanship preserving transformation of the electorate, reflects a  change in the
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sym m etry  of the  p a rtie s’ s treng ths while holding the  level of partisansh ip  constant. 

T he second, an effective party-strength preserving transformation of the electorate, 

reflects a change in th e  level of partisansh ip  while holding th e  absolute difference 

in the  p artie s’ streng ths constant. These two types of transform ations are repre­

sented graphically  in F igure 2. In (<ta , c?b ) space, for a  given level of partisansh ip , 

the  set of partisansh ip  preserving transform ations forms a line w ith  slope of — 1 , 

and  for fixed effective p arty  streng ths, th e  set of effective p a rty -s tren g th  preserving 

transfo rm ations forms a line w ith  slope of + 1 .

cta

Effective P a rty  S treng th  Preserving

A"
P artisansh ip  Preserving 

^ ---------------- a B
aB

Figure 2: A transform ation  of th e  electorate th a t changes p arty  streng ths from 

C  =  (cr%,cr0A) to  D — (<r'B,a'A) is a partisansh ip  preserving transform ation . A 

change from C  to  E  — (a'f, a'A) is an effective p arty -s tren g th  preserving 

transform ation .

A nother transfo rm ation  th a t we exam ine is one th a t holds constan t or fixed the  

intensities of th e  a ttachm en t to  parties, while shifting the  electorate across th e  given 

set of intensities. T he following corollary examines how, given fixed in tensities of 

attachm en t, partisansh ip  preserving and partisansh ip  increasing transform ations of 

the  electorate change each voter segm ent’s expected transfers and  utilities. P roof of 

th e  corollary follows directly  from Corollaries 1 and  2.
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Corollary 3: Given |  [ r r i j ,  , { mfc> an } fc(EB a partisansh ip  preserv­

ing (resp., increasing) transfo rm ation  of the  electorate th a t  leaves the  in­

tensities of attachm en t, {a^}fc6g, fixed leaves invariant (resp.,

increases) th e  expected transfer and u tility  received from each p a r ty ’s re­

d istribu tion  schedule by voters w ithin a given voter segm ent j  6  A , k  €  B, 

or S.

Given fixed in tensities of attachm en t, partisansh ip  preserving transfo rm ations of 

th e  electorate hold constan t b o th  th e  m easure of the  set of voters th a t  receives a 

zero transfer from one of the  two parties and the expected utility, conditional upon 

receiving a positive offer, received from either p a r ty ’s red istribu tion  schedule. In 

add ition  note th a t  in p arty  Vs equilibrium  red istribu tion  schedule th e  p roportion  of 

p a r ty  —Vs loyal voter segm ent j  th a t  receives a zero transfer is equal to  segm ent j ’s 

in tensity  of a ttachm en t, crG. Thus, the  m easure of p a rty  —Vs loyal voters who receive 

a zero transfer from p arty  i is equal to  p arty  —Vs strength , cr_,;. R egardless of which 

p a rty  gains and  which p arty  loses, in a partisansh ip  preserving transfo rm ation  of the 

electorate th e  m easure of th e  set of voters th a t  receive a transfer of 0 from one of the 

two parties rem ains invariant. Similarly, partisansh ip  increasing transform ations of 

the  electorate result in an increase in the  m easure of the set of voters who receive a 

transfer of 0 from one of the  two parties.

These corollaries highlight several features of th e  n a tu re  of equilibrium  poaching. 

These are sum m arized in the  following corollary.

Corollary 4: T he proportion  of loyal voter segm ent j  of p a rty  i th a t  re­

ceives a transfer of 0 from the  red istribu tion  schedule of p a rty  —i is aj. 

C onditional upon receiving a positive transfer from p a rty  —i, the  expected 

transfer and  u tility  received by a loyal voter in segm ent j  of p a rty  i is .

T he unconditional expected transfer to  a  voter in segm ent j  of p a rty  i from
y Qj

the  red istribu tion  schedule of p a rty  — i is The p roportion  of p a rty  Vs 

loyal voters who receive a transfer of 0 from p arty  —i is fj-.
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T his characterization  of each p a r ty ’s equilibrium  poaching raises the  question of 

how changes in voter loyalty to  political parties affect the  inequality  arising from  the  

equilibrium  red istribu tion  schedules. Rem arkably, th e  com parative sta tics  analysis 

of changes in  inequality  in th e  d istribu tion  of transfers is considerably m ore com plex 

th a n  th e  analysis of changes in th e  d istribu tion  of utilities. T he Lorenz curves for the  

d istribu tions of transfers arising from each p a r ty ’s red istribu tion  schedule are piece- 

wise q uadratic  functions th a t depend critically  on each param eter in th e  d istribu tion  

of vo ters’ a ttach m en ts to  th e  parties. T he kinks in these curves m ake it difficult to  

ob ta in  unam biguous com parative statics results. I t tu rn s  out th a t  com parative s ta t­

ics results on the  inequality  in u tility  are m ore straightforw ard. C orollary 5 addresses 

inequality  in th e  d istribu tion  of u tilities arising from each p a r ty ’s equilibrium  offer 

d istribu tion  as m easured by th e  Gini-coefficient of inequality.

Corollary 5: For each p arty  i = A ,B ,  the  inequality  (as m easured by 

th e  Gini-coefficient of inequality) arising from the  p a r ty ’s equilibrium  re­

d istribu tion  schedule is increasing in the  opposition p a r ty ’s streng th . More 

precisely, th e  Gini-coefficient of p a rty  i ’s equilibrium  red istribu tion  schedule

Proof: From  Theorem  1, the  m easure of th e  set of voters who receive a 

u tility  level from  p a rty  T ’s equilibrium  red istribu tion  schedule th a t  is less 

th an  or equal to  x  is

F a (x ) =  ^ 2 m kakB +
j e A u S

for x e  [0, z}. Simplifying, FA (x ) =  aB +  § (1 — oB) for x  e  [0, z}. 

By definition the  Lorenz curve for FA is

which is equivalent to
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By definition, th e  Gini-coefficient for Fa is

CA ( { { m , ,  SJA}je A , {m fe, 4 } fces} )  =  1 -  2 /  L A (x) dx.
J  <?B

Simplifying we have Ca — § +  I t follows th a t  | ^ -  >  0. A sim ilar 

argum ent establishes th e  p roperty  for p arty  B ’s equilibrium  red istribu tion  

schedule. Q .E.D .

P a rty  i has an  incentive to  ta rg e t a different proportion  of the  voters from each 

of p a rty  —i ’s loyal segments. As the  in tensity  of attachm en t of a given segm ent of 

—i ’s voters increases, the  proportion  of th a t  segm ent th a t  receives a transfer of 0 

increases. As a result, th e  aggregate inequality  in p arty  i ’s equilibrium  red istribu tion  

schedule increases.

M ore generally, as Corollary 5 states, any change in the  d istribu tion  of vo ters’ 

a ttachm en ts to  th e  political parties th a t  leads to  an  increase in th e  s tren g th  of 

p a rty  —i, results in an  increase in the  aggregate inequality  of p a rty  i ’s equilibrium  

red istribu tion  schedule. Moreover, freezing out by p arty  i increases in the  sense 

th a t  th e  m easure of p a rty  —i ’s loyal voters th a t  receive a transfer of 0 from p arty  i 

increases.

Given th e  assum ption th a t  the  legislature im plem ents a probabilistic  com pro­

mise of the  p a rtie s’ equilibrium  red istribu tion  schedules, we can also exam ine the 

expected u tilities and th e  expected ex-post inequality  of u tilities from the  im ple­

m ented policy. To m easure changes in the  expected u tility  from th e  im plem ented 

policy, we m ust take into account changes b o th  in th e  level of partisansh ip  and in 

th e  p a rtie s’ effective strengths. In particu lar, for fixed intensities of a ttachm en t, par­

tisanship  preserving transform ations of the  electorate th a t  increase th e  s tren g th  of 

p a rty  i increase p arty  i ’s loyal vo ters’ expected u tilities from th e  im plem ented policy 

and decrease p a rty  —i ’s loyal vo ters’ expected u tilities from th e  im plem ented policy. 

Conversely, effective p arty -s tren g th  preserving transform ations of the  electorate th a t 

increase the  level of partisansh ip  increase all vo ters’ expected utilities.
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Corollary 6: Given fixed intensities of a ttach m en t to  th e  parties, p a rtisan ­

ship preserving transform ations of the  electorate th a t  increase th e  s treng th  

of p a rty  i increase p a rty  i ’s loyal vo ters’ expected utilities and  decrease party  

—i ’s loyal vo ters’ expected utilities from the  im plem ented policy. In  addi­

tion, effective p arty -s tren g th  preserving transform ations of th e  electorate 

th a t  increase the  level of partisanship  increase all vo ters’ expected utilities 

from th e  im plem ented policy.

Proof: From  Theorem  1, for each segm ent j  & A  of p arty  A ’s loyal vot­

ers th e  equilibrium  expected transfer from the  policy im plem ented by the 

legislature E U J (•) is

which is increasing in a a and  thus decreasing in <tb =  —&a - T he argum ent 

for voters loyal to  p a rty  B  is sym m etric.

T he second p a r t of th e  corollary follows from the  fact th a t  for each segm ent

T he argum ent for swing voters and voters loyal to  p arty  B  follows directly. 

Q .E.D .

T he im plications of these results for the  expected ex-post inequality  of u tilities 

from th e  im plem ented policy are exam ined in th e  following corollary. We use the 

expected Gini-coefficient to  m easure expected ex-post inequality  and  refer to  the 

expected Gini-coefficient as th e  “aggregate inequality.’’

Corollary 7: P artisansh ip  preserving transform ations of the  electorate th a t 

increase th e  sym m etry  in th e  p artie s’ streng ths increase th e  aggregate in­

equality  of th e  im plem ented policy. Moreover, for a given level of p a r ti­

sanship, cr, the  aggregate inequality  arising from the im plem ented policy is 

m axim ized when the  parties are of equal streng th , a a = &b- Conversely,

E W

j e A
d E U j
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effective party -stren g th  preserving transform ations of th e  electorate  th a t 

increase th e  level of partisansh ip  increase th e  aggregate inequality  of th e  

im plem ented policy.

Proof: From  Corollary 3, the  aggregate inequality  arising from  the  im ple­

m ented policy is

/  (cm, c b ) =  ( ^ )  ) +  t 1̂ )

Simplifying we have I  (aa, <?b) =  |  .

T he first and  th ird  p a r ts  of th e  corollary follow directly. T he second p art 

follows from th e  fact th a t  for a given level of partisanship , a,  I  (a  a , gb ) is 

m axim ized when a a — 0, or a a =  &b — f  • Q .E.D.

Hence, for a given level of partisansh ip  sym m etry  in p arty  s tren g th  generates inequal­

ity. Similarly, for given effective party -streng ths, partisansh ip  generates inequality.

O ur results on p a rty  s treng th  and inequality  are closely re la ted  to  issues arising 

in th e  lite ra tu re  on po larization .11 A lthough much of th is lite ra tu re  deals w ith  the 

d istribu tion  of income, its  tene ts  can be ad ap ted  to  our context of redistribu tive 

politics. An in teresting question th a t  arises is w hether there is a sim ple m easure, of 

“political po larization ,” defined over th e  prim itives of the model, w ith  the  p roperty  

th a t  th e  aggregate inequality  from the  im plem ented policy is increasing in the  m ea­

sure. I t tu rn s  out th a t  th e  answer is yes. Indeed, we base th is  m easure solely on the  

p a rty  strengths. Setting

P  (cb4 , crB ) =  cr -  (a A ) 2  =  a -  (aB f

it is easily dem onstra ted  th a t the  aggregate inequality  in  u tilities arising from the 

im plem ented policy is increasing in P  (■,')■

Corollary 8: T he aggregate inequality  in utilities arising from  the  im ple­

m ented policy is increasing in the  m easure of political polarization  P  (ct^, erg).

n See for example: Esteban and Ray (1994), Wolfson (1994), Wang and Tsui (2000), and Rodriguez 
and Salas (2003).
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T he level curves of the  political polarization m easure and the  aggregate inequality  

of u tilities from  th e  im plem ented policy are shown in Figure 3 below.

.25 .750.9

0.8

0.7

0.6

0.4

0.3

0.2

a =.5

0.4 0.5
° A

0.6 0.7 0.90.2 0.3

Figure 3: Level Curves of Political Polarization

Several properties of these level curves should be m entioned. F irst a level of 

partisansh ip  defines a ‘b u d g e t’ line over possible com binations of p arty  strengths. 

Thus, th e  properties of aggregate inequality  from th e  im plem ented policy addressed 

in Corollary 7 can be seen graphically  in F igure 3. Second, given th a t  th e  parties have 

sym m etric streng ths, an  increase in either p a r ty ’s s treng th  increases polarization  and 

thus aggregate inequality. T h a t is

d l
d<Ji \ & A = 0=n >  0.

Furtherm ore, for ct* <  |  +  ct—;, a sm all increase in  p arty  i ’s s tre n g th  in creases th e  

aggrega te  in eq u a lity  arisin g from  th e  im p lem en ted  policy. T h a t  is

d l ,
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O ur results on inequality  and  political polarization  are closely re la ted  to  the 

incentive, created  by p a rty  identification, to  freeze ou t a  po rtion  of th e  opposition 

p a r ty ’s loyal voters w ith  a zero transfer. Freezing out opposition voters is also closely 

re la ted  to  th e  classic issue of the  ty ranny  of the  m ajority, in which a m ajority  of voters 

expropriates from a m inority. In Laslier (2002), a m inority  is frozen out only if a 

single voter segm ent contains a  m ajority  of voters. In con trast, in our m odel the 

expected m easure of th e  set of voters frozen ou t by the  im plem ented policy depends 

on th e  p a rtie s’ streng ths and  is increasing in the  level of political polarization. T h a t 

is ty ranny  is increasing in  polarization.

Corollary 9: T he expected m easure of th e  set of voters th a t  receive a zero 

transfer from  the  im plem ented policy is T h a t is ty ranny  is increasing

in the  political polarization  m easure P  (•, •).

Proof: From  Theorem  1, for each segm ent j  €  A  of p a rty  A ’s loyal voters 

the  probability  of receiving a zero transfer from the  im plem ented policy 

is ( a ^ ) . Sim ilarly for each segm ent k E B  of p a rty  B 's loyal voters 

th e  probability  of receiving a zero transfer from the im plem ented policy is 

h i p  (a%). T he result follows directly. Q .E.D .

3.3 Conclusion

T his paper extends M yerson’s (1993) m odel of redistribu tive politics to  allow for 

heterogeneous voter loyalties to  political parties. Parties segm ent voters by th e  p arty  

w ith  which they  identify, if any, and the  in tensity  of their a ttachm en t, or “loyalty,” 

to  th a t  party. We find th a t  voters pay a  price for p a rty  loyalty. For a given d istri­

bu tion  of vo ters’ a ttachm en ts to  the  political parties, in the  im plem ented policy, the 

segm ent of swing voters has the  highest expected transfer and  expected utility, and 

th e  expected transfers and u tilities for loyal voter segm ents are s tric tly  decreasing in 

th e  in tensity  of a ttachm ent. Using our m easure of “p arty  s tren g th ,” based on bo th  

th e  sizes and  in tensities of attachm en t of a p a r ty ’s loyal voter segm ents, we dem on­
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s tra te  th a t  each p a r ty ’s represen tation  in the  legislature is increasing (decreasing) 

in  its  own (opponen t’s) p arty  streng th . In addition, parties poach a subset of the 

opposition p a r ty ’s loyal voters, in an  effort to  induce those voters to  vote against the 

opposition party. T he level of inequality in and th e  size of the  set of opposition  p arty  

voters frozen o u t by a p a r ty ’s equilibrium  red istribu tion  schedule are increasing in 

the  opposition p a r ty ’s strength .

We also develop a m easure of “political po larization” th a t  is increasing in th e  sum  

and sym m etry  of th e  p arty  streng ths, and  find th a t  aggregate inequality  is increasing 

in political polarization. T h a t is, higher levels of partisansh ip  and  m ore sym m etry  

in th e  p artie s’ streng ths generate inequality. In addition, th e  expected m easure of 

th e  set of voters th a t  receive a zero transfer (and, hence, th e ir secure u tility  level) 

from th e  im plem ented policy is increasing in the  level of political polarization. In 

th is sense polarization  increases tyranny.

T here are several po ten tia l directions for fu tu re research based on our m odel 

th a t  appear to  be particu larly  fruitful. T he m odel can be applied to  shed light on 

topics previously studied in th e  redistribu tive politics lite ra tu re , such as candidate  

valence issues. In addition, th is  p ap e r’s focus on identifiable voter segm ents is im m e­

d iately  applicable to  the  study  of transfers ta rg e ted  by geographical region or o ther 

identifiable characteristics.
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3.5 Appendix

Sahuguet and Persico (2004) establish  an  equivalence betw een the  two-party- 

m odel of red istribu tive politics and an appropriately  chosen tw o-bidder all-pay auc­

tion. We now extend th is result to  establish an  equivalence betw een th e  tw o-party  

m odel of redistribu tive politics w ith  segm ented loyal voters and  an  appropriately  

chosen set of tw o-bidder independent sim ultaneous all-pay auctions.

We begin by reviewing th e  characterization  of n  sim ultaneous tw o-bidder all-pay 

auctions w ith  com plete inform ation. Let Ff  represent bidder i ’s d istribu tion  of bids 

for auction  j ,  and  vj represent the  value of auction j  for bidder i. Each bidder i ’s 

problem  is
n  POO

fm ^  (x ) - x ] dFi{n}j=x j=1 J o
Since each auction  is independent, the  unique equilibrium  is for each bidder to  choose 

Ff  as if auction  j  was the  only auction. T he case of a single all-pay auction  w ith 

com plete inform ation is studied by Baye, Kovenock, de Vries (1996). Thus, for each 

auction  j  and  bidder i we have the  following th ree cases

I f  vj > vLf Ff  (a:) =  f -  x  €  [0, vff]
— i

I f  vj  =  vLi Ff (x) =  j j  x  £ [0 , vj]

I f  vj  < vJ_t F f (x) = ( ^ r ^ J  + f ~  x  €  [0 , vj]

In  addition , w ithout a binding cap on bids, there is no reason to  construc t an  n- 

varia te  d istribu tion  function from these m arginal d istribu tions .12

Now consider tw o-party  red istributive com petition  w ith  segm ented loyal voters, 

and  assum e th a t the  parties face the  budget constrain t

/•OO

^  n i j  /  xdF f < 1,
j e A u S u B  d o

12Without a binding cap on bids, it is trivial to construct an n-variate distribution since any n- 
variate copula  is sufficient. G iven the Frechet-H oeffding bounds for n-variate copulas, the range  
of sufficient n-variate copulas is quite large. For this reason the n-variate joint distribution adds 
nothing to the problem analyzed here. See Nelson (1999) for an introduction to copulas.
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where Ff  represents p arty  i ’s d istribu tion  of offers for voters in segm ent j  and  m 3  >  0 

is th e  m easure of voters in segm ent j  such th a t m j  — 1 • In  th e  discussion

th a t  follows th e  n o ta tio n  for the  in tensity  of loyal voter a ttach m en t is modified in 

th e  following way: for each segm ent j  e  A  U S  U B  if j  =  5 , the  swing segm ent, or 

j  e  B. one of p a rty  B ’s loyal voter segm ents, th en  ct^ =  0, thus SA — 1, and  the  

sam e holds for akB if k  €  A  U S. Each p arty  i ’s problem  is

V  m , I "  F i J ^ i F ’

subject to  th e  budget constra in t m i fo° x dFf  (a:) <  1. T he associated

L agrangian is

xS-' ,•
m ax
} i z A u s u B  j e A u S u B

nij A*
fJo

dFf  (x)

We can now proceed to  th e  proof of the  equivalence between th e  tw o-party  model 

of red istribu tive politics w ith  segm ented loyal voters and an  appropria te ly  chosen 

set of tw o-bidder independent sim ultaneous all-pay auctions. In  th e  discussion th a t 

follows, sj and  sj are the  upper and lower bounds of cand idate  i ’s d istribu tion  of 

offers in segm ent j .

Theorem  2: For each feasible d istribu tion  of vo ters’ a ttach m en ts to  the 

political parties, there  exists a one-to-one correspondence betw een th e  equi­

libria of th e  tw o-party  m odel of redistribu tive politics w ith  segm ented loyal 

voters and the  equilibria of a unique set of appropriately  chosen tw o-bidder 

independent sim ultaneous all-pay auctions.

Proof: T he proof, which is contained in th e  following lemmas, is instructive 

in th a t  it establishes the  uniqueness of the  equilibrium  given in Theorem  1.

T he first th ree  lem m as follow from lines draw n by Baye, Kovenock, and  de Vries 

(1996).

<5?Lemma 1 : For each j e A U S l i B ,  - ^ - L = s\
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L e m m a  2: In any equilibrium  { F f , F ^ }  jeAuSLlB, no Ff  can place an  atom  

in th e  half open interval (0 , .

Lemma 3: For each j  G .dUS'UB and for each i G {A, B } ,  j -F - i  ~ x

is constan t V x  G (0, s^].

T he following lem m a characterizes the  relationship between A* and A_,. 

Lemma 4: In  equilibrium  Ai =  A_,.

P ro o f :  By way of contrad iction  suppose A,; ^  A_,. In any equilibrium  each 

p a rty  m ust use their entire budget, thus

rnj f  xclFf (x) =  rrij j  xdF F  (x) (3.2)
j e A u S u B  d o  j e A u S u B  d o

B ut, from lem m as 2 and 3, it follows th a t

for all x  G (0, s*], and

dFf (x) — \-i~^j-dx  (3.3)
o;

dFF (x) = X i-^-dx  (3.4)
O-i

for all x  G (0, sJ_f\. S ubstitu ting  equations 3 and 4 into equation  2, and 

applying lem m a 1 we have

—— B  __  r*Li $3
si. si

v -  6~i,  x v -  r u %,
X-i m 3 /  _l x - 7 fdx = Xi m 3 /  X - j - d x

j e A u S u B  d o  i j e A u s u B  d °  - i

which is a contrad iction  since

siAi

mi [  Sli x ~7fdx =  m3 f  x TTdx
j t A U S U B  J o  j e A u S u B  J o

b u t A; 7  ̂ A Q . E . D .

Let A =  Ai — X T he following lem m a establishes th e  value of sj.
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L e m m a  5: sj = -f  V i and j .

P ro o f :  From  lem m as 3 and 4, we know th a t  for each p a rty  i and  any segm ent

is constan t V x  €  (0, s j ] . It th en  follows th a t  p arty  i would never use a 

s tra teg y  th a t  provides offers in (y, oo) since an  offer of zero stric tly  dom inates 

such a strategy. T he result follows directly. Q .E.D .

T he following lem m a establishes th a t  there exists a unique A th a t  satisfies the  

budget constrain t.

L e m m a  6 : T here exists a unique value for A, and th is  value is
mj ( l —   l - c t a — i t b

2 — 2

P ro o f :  T he budget constrain t determ ines th e  unique value of A. Thus, A

solves
<5-?

A m i
j e A u S u B

Solving for A we have th a t

, 1 +  E j €A m i (Sa ~  1) +  {SKb  ~  1) _  l - a A - a B
2 2

Q .E.D.

T his com pletes th e  proof of Theorem  2.

To construc t the  unique N ash equilibrium  of th e  redistribu tive politics game, 

no te th a t the  in tensity  of a ttach m en t param eters, aj — 1  — Sf, are isom orphic to  

differences in b idders’ valuations in an  all-pay auction. Thus, in each segm ent of
I

voters loyal to  p arty  —i, p arty  i places m ass equal to  ^—f —- =  1 — 8 - i  a t  0. T hen
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le tting  z  =  th e  unique equilibrium  is for p a rty  A  to  offer red istribu tion  according 

to
V j  €  A  F 3A {x) = ^ -  x e  [0 , z 6 3a ]

f a  ( x ) =  f  ^ €  [0, z ]

V k  €  B F% (®) = (1 -  5kB) +  ^  x e  [0,

and  for p a rty  B  to  offer red istribu tion  according to

V k e B  F k (x) = ^  x e [ 0 , z S kB\

F§ {x) =  § x  6  [0, 2 ]

V j  e  A  F 3b ( x ) = ( l  -  53a ) + s- f -  x e  [0, z]

where z — \  — ------.
A  1  — <JA~ a B
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